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Abstract
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1 Introduction

In daily life, the problems in many fields such as engineering, physics, computer sciences, economics,
social sciences, medical sciences and many other diverse fields deal with uncertain data and that
may not be successfully modeled by the classical mathematics. There are two types of mathematical
tools to deal with uncertainties namely fuzzy set theory introduced by Zadeh [1] and the theory of
soft sets initiated by Molodstov [2] which helps to solve problems in all areas. Fuzzy soft set which
is a combination of fuzzy set and soft set was introduced by Maji et al. [3]. Roy and Maji [4] gave
some results on an application of fuzzy soft sets in decision making problem. Fuzzy soft sets and
their applications have been investigated intensively (see, e.g., [5, 6, 7, 8, 9, 10, 11, 12, 13]). In [14],
Beaulaa and Gunaseeli introduced a definition of the fuzzy soft metric space, also in [15], Sayed
and Alahmari introduced the notions of some mappings and proved some fixed point theorems in
fuzzy soft metric spaces.

The concept of G-metric space was introduced by Mustafa and Sims [16] in order to extend and
generalize the notion of metric space, a number of authors have studied and characterized many
well-known results in the setting of G-metric space (see, e.g., [17, 18, 19, 20, 21, 22, 23, 24, 25]).

Giiler et al. [26] introduced the concept of soft G-metric space according to a soft element and
obtained some of its properties. Then, they defined soft G-convergence and soft G-continuity.
Moreover, they proved existence and uniqueness of fixed points in soft G-metric spaces. In [27]
Giiler and Yildirim introduced the notion of soft G-Cauchy sequences and soft G-complete spaces
and investigated some properties of such spaces. In this paper, we introduce the notion of fuzzy
soft G-metric space via fuzzy soft elements. Then, fuzzy soft convergence and fuzzy soft continuity
are studied in fuzzy soft G-metric space, Finally, some fixed points theorems are proved.

2 Preliminaries

In this section we present some basic definitions of fuzzy soft set, fuzzy soft metric space and soft
G-metric space.

Throughout our discussion, X refers to an initial universe, E the set of all parameters for X, P(X)
denotes the power set of X and I = [0, 1].

Definition 2.1. [1] Let X be a nonempty set. A fuzzy set A in X is characterized by a membership
function pa : X — I whose value pa(z) represents the “degree of membership”of z in A, for every
x in X. Let I denotes the family of all fuzzy sets on X.

A member A in I is contained in a member B of I**, denoted by A < B if and only if pa(z) < pp(z)
for every x € X (see [1]).

Let A, B € I, we have the following properties on fuzzy sets (see [1]).
(1) Equality: A = B if and only if pa(z) = pp(z) for all z € X,
(2) Intersection: C = AA B € I* by puc(z) = min{pa(z), pp(x)} for all z € X,
(3) Union: D = AV B € I by pc(z) = maz{pa(z), up(z)} for all z € X,
(4) Complement: E = A° € I by pg(z) =1 — pa(z) for all z € X.
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Definition 2.2. [1] The empty fuzzy set, denoted by 0, is the function which maps each z € X to
0. That is, O(z) = 0 for all z € X. A universal fuzzy set denoted by 1 is a function which maps
each z € X to 1. That is, 1(z) =1 for all z € X.

Definition 2.3. [2] Let A C E. A pair (F,A) is called a soft set over X if F' is a mapping
F:A— P(X).

In other words, a soft set over X is a parameterized family of subsets of the universe X. For € € A,
F(€) may be considered as the set of e-approximate elements of the soft set (F, A), or as the set of
e-approximate elements of the soft set.

Definition 2.4. [28] A pair (f, A), denoted by fa, is called a fuzzy soft set over X, where f is a
mapping f : A — I defined by fa(e) = u%, where

e _ |0 ifed¢ A;
Hra = otherwise, if e € A.

—~

(X, E) denotes the class of all fuzzy soft sets over (X, E) and is called a fuzzy soft universe [3].

Definition 2.5. [29] A fuzzy soft set fa over X is said to be:
(a) NULL fuzzy soft set, denoted by ¢, if for all e € A, fa(e) =0,
(b) absolute fuzzy soft set, denoted by E,iffor all e € A, fa(e) =1.

Definition 2.6. [30] The complement of a fuzzy soft set fa, denoted by f4, where f3 : E — X
is a mapping given by ﬂ?j =1—pu%, for all e € E and where 1(z) = 1 for all z € X. Clearly
(F)° = Ja.

Definition 2.7. [30] Let fa,gB € (X, E). We say that fa is fuzzy soft subset of gp, denoted by
faCyp, if AC Band u$, < pg, foralle € A, ie. p$,(x) < pg,(x) for all z € X and for all e € A.
Definition 2.8. [30] Let fa, g5 € (X, E). The union of f4 and gg is the fuzzy soft set hc, where
C=AUB and for all e € C,hc(e) = pfp, = p%, V u5,. Here we write he = faUgs.

Definition 2.9. [30] Let fa,gB € (ﬁ) The intersection of fa and gp is the fuzzy soft set d¢,
where C' = AN B and for all e € C,dc(e) = pg, = M, A pg,- Here we write do = falgs.
Definition 2.10. [31] The fuzzy soft set fa € (X, E) is called a fuzzy soft point if there exist
z € X and e € E such that u%, (z) = (0 < a < 1) and u$, (y) = 0 for each y € X — {2}, and this
fuzzy soft point is denoted by ¢, or fe.

Definition 2.11. [31] The fuzzy soft point zf, is said to be belonging to the fuzzy soft set ga,
denoted by x§€(g, A), if for the element e € A,a < pig , ().

Definition 2.12. [14] Let fa be fuzzy soft set over X. The two fuzzy soft points Fe,, Fe, € fa are
said to be equal if uy, (z) = py., (z) for all x € X. Thus fe, # fe, if and only py. () # py., (2)
for all z € X.

Proposition 2.1. [1/] The union of any collection of fuzzy soft points can be considered as a fuzzy
soft set and every fuzzy soft set can be expressed as the union of all fuzzy soft points.

fa={0j.es,fe e € E}

Proposition 2.2. [14] Let fa, fg be two fuzzy soft sets then faCfp if and only if fo€fa implies
fe€fp and hence fa = fr if and only if fe€fa and only if f-€fB.
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Definition 2.13. [32] Let R be the set of real numbers and B(R) be the collection of all nonempty
bounded subsets of R and E be taken as a set of parameters, A C E. Then a mapping f : A — B(R)
is called a soft real set. If a soft real set is a singleton soft set, it will be called a soft real number
and denoted by 7, 3,1 etc. 0 and 1 are the soft real numbers where f)(e) =0, i(e) =1forallee F
respectively.

The set of all soft real numbers is denoted by R and the set of all nonnegative soft real numbers by
R(A)".

The soft real number 7 will denote a particular type of soft real number such that 7(e) = r for all
ec E.

Definition 2.14. [33] A (nonnegative) fuzzy soft real number is a fuzzy set on the set of all
(nonnegative) soft real numbers R(A), that is, a mapping 5:: R(A) — [0,1] , associating with each

(nonnegative) soft real number #, its grade of membership S\(f) satisfying the following conditions:

(1) X is convex
that is, A(Z) > min (A(3), A(7)) for § C # C 7

(i1) X is normal
that is, there exists fp € R(A)* such that A(fy) = 1;
is upper semi continuous provided for all ¥ € R(A) and « € [0, 1]
(f) < a, there is a § > 0 such that || 5§ — 7 ||< & implies that A(3) < o

—
—
=
=

Nai

S aen

The fuzzy soft real numbers be denoted by 3, i etc, while 7, 5,% will be denoted in particular type
of fuzzy soft real numbers such that 7(e) = u°7 that is a fuzzy number for all e € E.

Let A C E. The set of all nonnegative fuzzy soft real numbers be denoted by R(A)* and the
collection of all fuzzy soft points of a fuzzy soft set fa4 over X be denoted by F.SC(fa).

Let X be a nonempty set. It is well known that a map d : X2 — R™ is called a metric if and only
if it satisfies the following:

(a) d(z,y) > 0 and d(z,y) =0 iff x =y, for all z,y € X;

(b) d(z,y) = d(y, z) for all z,y € X;

(c) d(z,y) < d(z,z) + d(z,y) for all z,y,z € X.
If we replace the set X with the set of all fuzzy soft points of an absolute fuzzy soft set, and R
with the set of all nonnegative fuzzy soft real numbers, then we get a refinement of metric space

called fuzzy soft metric space [14] as follows:

Definition 2.15. [14] Let A C E and E be the absolute fuzzy soft set. A mapping d: FSC(E) X
FSC(E) — R(A)* is said to be a fuzzy soft metric on F if d satisfies the following conditions:

(FSMi) : d(fey, fey)>0 for all fe,, fe, €F;

(FSM>) : cZ(fel,fEQ) = Qif and only if fe, = fe, for al fers fer €E;
(FSMs) : C{(feufez) ~:~d(f€2,f€1) fO~I‘ all f€1,f62éE; B
(FSMa) : d(fey, fes)Sd(fers fes) + d(fess fes) for all fey, fe, fes €.

The fuzzy soft set E with the fuzzy soft metric d is called the fuzzy soft metric space and is denoted
by (E,d).
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Definition 2.16. [26] Let X be a nonempty set and E be the nonempty set of parameters. A
mapping G : SE(X) x SE(X) x SE(X) — R(A)" is said to be a soft generalized metric or soft
G-metric on X if G satisfies the following conditions:

b

(G1): G(2,75,2) =0if & =§ = 2

(Go) : 02G(2, 2, §) for all Z, jESE(X) with & £

(Gs) : G(&,&,9)<G(%,7, 2) for all Z,§, 26SE(X) with § # Z;

(Cj‘l) : Cf(~72775) ~:~G z, ~7g) :~G(g7275&) = 5

(Gs) : G(#,9,2)<G(z,a,a) + G(a,y, 2) for all z,7,2,aeESE(X)

The soft set X with a soft G-metric G on Xis said to be a soft G-metric space and is denoted by

G.B)

ik

3 Fuzzy Soft G-metric Spaces

Definition 3.1. Let E be a nonempty set of parameters, A C E and E be the absolute fuzzy
soft. A mapping G : FSC(E) x FSCO(E) x FSC(E) — R(A)" is said to be a fuzzy soft generalized
metric or fuzzy soft G-metric on F if G satisfies the following conditions:

( ) (f€1>f€27f€a)_01ff€1 fes = fes;

( ) 0XG(fey,s feo, fey) for all fe,, fe, EFSC(E) with fe, # fess_

(FSG3) : Gfey; fers s )SG(fers feos feg) for all fe,, fey, fes EFSC(E) with fey # fey;

( ) Q(f€1>f€27f€a)~:~ (fe1>f€37f€2)~: G(fe2>f€37f€1):-~-§ _ B
( ) 2 G(fers fen, fe3)SG(fers fes fe) + G(fe, fezs fes) for all fey, fey fes, fe€EFSC(E).

The fuzzy soft set E~ with a fuzzy soft G-metric G on E is said to be a fuzzy soft G-metric space
and is denoted by (E,G).

Example 3.1. Let E be a nonempty set of parameters and E be absolute fuzzy soft set. We define
G : FSC(E) x FSC(E) x FSC(E) — R(A)* by

iffm = f82 = fESf

if fer = fea # fes O fer # fes = feg OT fey # for = fess

if fer # fer # fes-

for all fe,, fey, fes EFSC(E). Then G satisfies all the fuzzy soft G-metric azioms (FSG1)—(FSGS5).

j=X

G(f€17f€27f63) = {

1
2

Definition 3.2. A fuzzy soft G-metric space (E', G‘) is symmetric if it satisfies the following
condition:

(FSG6) : G(fey, fens fez) = G(fers fers feo) for all fe, fo, EFSC(E).

Remark 3.1. It is obvious that the fuzzy soft G-metric space defined in Example 3.1 satisfies the
condition (F'SGe) and so it is symmetric.

Proposition 3.1. Let (~,G) be a fuzzy soft G-metric space. Then the following hold for all
fers feay feqy FeEFSC(E):
(a) IfG(fela.fezvfa)_O then fe, = .f~82:f63~

(6) G(fers fers fes)SG(fer fers fe) + G(fer, fers fes)-

(€) G(fers fens fer)S2G(fer, fors fer)-

(d) G(fer, fens fes)SG(fers fer fos) + Gfer fen, fos)-

(€) G(fer: feas fea) S51Cfer, feas fo) + G(fer fes fes) + Gfes fer,s fea)].

(f) ~(f€17f€27fe3)—G(f€17fe7fe)—"_C;((f€27fe,f€)—’—G(fe37f€7f€)]

(9) |G (fers fens fes) = G(fers fens fo)|S maz{G(fe, fes, fes), G(fess fer fe)}-
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( ) ‘g(felvaers) - (f61afez>fe)‘<G fe17f6>f€5)

() ‘CIY( e1s feas fes) — (f€27f637f93)|< mam{G(feufea,st) (f637f617f€1)}'

( ) |G (fers fess fea) — (f627f61:f61)‘< max{G(fezvfeufel) G(fers fez, fea)}
r00f.

Proof. (a) Case 1: Let all of the fuzzy soft elements be distinct. Then, we have
OSG(erfel,f62)<G(fel,f627 fes) from (FSG2) and (FSGs3), respectively.

Case 2: Let two of the fuzzy soft elements be equal and the remaining one be distinct. Thus, we
have G(fe,, fes, fes)>0 by (FSG4) and (FSG2). From the two cases, we obtain G(fe,, fes, fes) # 0.

( )We have G(felaf517f52)+G(f617f517f53) = (f627f€17f61)+G(f817f€1 fes)é
G(fes fers fes) = G(fer, feos fes) from (FSG4) and (FSGs).

~ (¢) By using (b), we have G(fe,, fep, fe)SG(fer, fers fez) + G(fer, fers fez) =
2G(fey, fer, fer) from (FSG).

(d) Cabe 1 LEt fel # f€3 Then we have G(f€17f€27f€3)<G(fe7f67fe1) +G(f€,f€27f€3)
G(fes fors fes) + G(fe,f@,feg,) from (FSGs), (FSG4) and (FSG3), respectively. So, we obtain

()“6317.]"627f€3)é (f€17f€7f53) +G(f€7f€27f€3) by (FSG4)
Case 2: Let fe; = fe; and fe, # fe.

Thus we get G(fe,, fes, fes) = G(fer, fer, fez)SG(fers feny Fe)SG(fers fens fo) + G(fers fes fer)
= G(f€7 f827 f€1) + G(f817fe7 fel) from (FSG4) and (FSG3)

Case 3: Let fe; = fe; and fe, = fe.

It is obvious.

~ (e) By (d) and d (FSGy), we have
3é(fe1:fezyfes)%i (:617f62>fe)+2G(fel,fe,f63)+2G(fe7f827f63) ThU.S,
(felvfmyfes)é%[ (fel,feQ,fg) + G(f@l)f&,feg) —+ G(fe’wafeS)].

(f) By (FSGs) and (b), we obtain

BG(fers feas Fea)S3C(fer, fes o) + 3G (feg, fer fe) + 3G (feas for fo)-
Hence G(f€17f€27f€3)<G(f€17f€7f€) + G(f€27f€7f€) + f€37f€7f€)

(9) We have G(fel,fez,feg)ié(f53, JesJe) + G(fe, fer, fey) from (FSGs). Then,
(f€17f€27f€3) G(fes fers fes)SG(fegs fe, fe) <max{G(f€37f€7f€) G(f€7f€37f€3)}

In a similar way, we get

7max{é(f637f57fe)vé(feafesvfeg)}éé(fevfezaf%)é - [é(felafewfeg) - é(fevfeufez)}'

Thus, we obtain

G (fers feas fes) = Glfers feas fo)|< max{G(fe, fegs fes)s G(fes fes fo) }-
(k) The proof is clear, by (d) and (FSGl4).
(4) Tt is obvious, by (FSG5) and (FSGy).

(j) Tt follows from (c) and (FSGL4). O
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Proposition 3.2. Let (E G) be a fuzzy soft G-metric space. Then the following are equivalent.
(a) (E,G) is symmetric.

(b) G(felafe2»fe2)<G(feufe2,fe) for all fe,, fey, f.€EFSC(E). ~

(c) (f€1af627f63)<G(f617f62a fe) + G(feav f827f8) for all fe1afEQaf637f67fééFSC(E)'

Proof. (a) = (b) : Since (E,G) is symmetric, we have G(fe, fey, fes) = (fel,fel,fEZ)

Case 1: Let fe, # f.. We have G(fe17f527f€2)<G(f517f€27fe) by (FSG3)

Case 2: Let fo, = fe It is clear b~y ~(FSG3)
(b) = (c) : We obtain G(fe,; fes, f63)§g(f627 feas fer) + (fe27 feas fes)

SG(fﬁlvfezvfc) + (fesvfﬁmfé)
by using Proposition 3.1(b) and the hypothesis.
(¢) = (a) : By hypothesis and (FS@’4) we have 5 5
(f617f52?f52)<G(f51?f527fel) +G(f627fezafea) = (f617f€25f61) = G(f617f615f62)'
In a similar way, we get G(fey, fer, fer)SG(fer, fea, fes)- O

Proposition 3.3. For any fuzzy soft metric d on E we can construct a fuzzy soft G-metric by the
following mappings G and Gm.

(@) Go(d)(fe, fear fea) = 2[A(fers fea) + A(fers feg) + dlfer s fos)].

(0) G (d)(fer, fes fes) = maz{d(fey, fer), d(feys fes), d(fers fes)}-

Proof. (a) Since d is a fuzzy soft metric, the proofs of (FSG1), (FSGs), and (FSG4) are obvious.
The proof of (FSGs) follows from (FSMy).

(FSG3) Case 1: Let foy # fos, and fo, # fey. Since G(d)(fey, fer, fes) = 0, the assertion is clear.
_ Case 2: Let fe; = feg, feg # fe, and fe; # fe,. Then,

Gs(d)(fers fers fes) = Gs(d)(fers fezs fes)-

} Case 3: Let fe; # feg, fes # fea, and fe; # fe,. From (FSMy), we have

2d(fer, fes)Sd(fers fes) + d(fer, fes) + d(fes, fes)- Then

Ga(d)(fer, fer, fea) =§ A(fers fea) SHA(fers Fea) + A fer, fea) + A fes feo)]
= Gu(d)(fer fes, fes)-

(a) The proofs of (FSG1), (FSG2), and (FSG4) are obvious.

(FSG3) Let fey # feo-.
God)(fers fers Jen) = d
= Gnl(fe J for).

(FSG5) Case 1: ( )(f617f627f?3) = N(f€17f92)

From (FSGa), we have d(fe,, fe;)<d(fey, fe) + d(fe, fez) = Gun(d)(fer, fe, fe) + d(fe, fe)<
Cun(d)(fers fe fe) + Gm(d)(fe, fess fes)-

The other cases can be proved in a similar way. O

(fer, feo)Smaz{d(fe,, fes) + d(fer, fes) + d(fer, fes)}

s

Proposition 3.4. For any fuzzy soft G-metric G on E, we can construct a fuzzy soft J@ on E
defined by

Jé(feufez) = G(feufewfez) + é(feufeufez)

Proof. The proofs of (FF'SMi), (FF'SMs), and (F'SMy) are obviously follows from
(FSél)and(FSég) (FSG4) and (FSGs), respectively.

(FSMz) Let dG(fel,f62) = 0. Assume fo, # fey. Since G(fey, fes, fes) + G(fel,fel,fez) =0, we
would have G(fe,, fes, fey) <0 by Proposition 3.1(c). This contradicts to (F.SGs).

Thus, fe, = fey- The converse is clear. O
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Proposition 3.5. Let d be a fuzzy soft metric on E. Then the following hold.

(a) Jés(&)(fﬁlvfez):% (fers fez)-
(b) dém(d)(fﬁlvf62) 2d (f517f52)
Proof. The proofs follows from the definition of J@, G and G.. O

Proposition 3.6. Let é be a fuzzy soft G-metric G on E. Then the following hold.
(@) G(fers feas fes) SGs(dg)(fers fess fes) S2G (fer fens fes)-

() C(fers feas Fos) SCm(dg) (fers fens Fog) SBC(fers fons Fos)-

Proof. (a) By Proposition 3.1(b), we have

C(fers fear fes) S5 MA6(Fers fea) + defen, fuo) + sz@n
On the other hand, By Proposition 3.1(c) and (F'SG3), we obtain

g (fers Fon) + des(Fenn foa) + da(fes o JZBC(fer fons fos).

(b) By Proposition 3.1(b), we obtain G(fe,, feq, fes)<Gm(d &) (fers feas fes)-
Also, from Proposition 3.1(c) and (FSG3), we get G (dg)(fer, feas fes) <3G (fers fen, fes)- O

<G
B
) an
5

Definition 3.3. Let (E7 é) be a fuzzy soft G-metric space and i be a fuzzy soft real number and
¢ € (0,1). A fuzzy soft open G-ball centered at the fuzzy soft element feéF SC(E) and radius Tis
a collection of all fuzzy soft elements ge of f. such that G(fe, ge, ge)<t

It is denoted by B(fe,t, €) where B(fe,t €) = {geEFSC(E )|G(fg,ge,ge)<t} with |u§, (8) —pg, (s)] <

€.

The fuzzy soft closed G-ball is denoted by [fe, t, &l = {9 EFSC(E)|G(fe, ge, ge)ég} with |p$, (s) —
pg. (s)] <&

Example 3.2. Consider the fuzzy soft G-metric space (E, é) gwen in Example 3.2.
We have

FSC(E),
{/e},

’

Sk SR
— =

&ﬂia—{

>
<

for any f.EFSC(E)

Proposition 3.7. Let (E,G) be a fuzzy soft G-metric space. For f.EFSC(E) and i > 0, the
following hold:

(a’) Ifé ( )(f63f617f52)<r then f€13f52€B(f67t76)
(b) If fe,EB(fe,t,¢), then there exists a §>0 such that B(f817

L OCB(fe,1,9).

Proof. (a) It obviously follows from (F SG3)

(b) Let fe, € B(fe,t,e) Assume that fe,EB(fe,, 5, e) Then, we have
(f€7f€27 )<G(fe:fe17fel) +G(f€17f€27f€2)<G(f€7f€17f€1) +5 by (FSG5)

Say § =1— G(fes fers fer)- Thus, we get G(feyfragafez)<t Hence feQGB(feat €). 0

Proposition 3.8. Let (E,G) be a fuzzy soft G-metric space. For f.,EFSC(E) and t:§(~), we have

é(f507 §7€)Q§Jé(f507tv )Qé(f607f7 g)

Proof. It obviously follows from Proposition 3.1(c). O
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4 Fuzzy Soft G-convergence

Definition 4.1. Let (E G) be a fuzzy soft G-metric space and {f.,} a sequence of fuzzy soft
elements in E. The sequence {fen} is said to be fuzzy soft G-convergent to fe in E if for every
¢>0, chosen arbitrary, there exists a natural number N = N(€) such that 0SG(fer,s fons fo)<E

whenever n > N ien > N = {fen}GB(fe,t,e) We denote this by fe, — fe as n — oo or
Limpsoo{fe,} = fe.

Proposition 4.1. Let (E,G) be a fuzzy soft G-metric space, for sequence {f.,} in E and a fuzzy
soft element f., then the following are equivalent:

(@) {fen} is fuzzy soft G-convergent to fe.

(b) dg(fen, fe) = 0 as n — oo.

(c) G(fen,fen,fe) —0 asn — oo.

(d) G(fen,fe,fe) — 0 as n — oo.

(€) G(fers fors fo) = 0 as n,m — oo.

Proof. (a) = (b) follows from Proposition 3.8. The other implications can be proved by using
Propositions 3.1 and 3.3. O

Definition 4.2. Let (E G) be a fuzzy soft G-metric space and {f.,} be sequence of fuzzy soft

elements in E. Then the sequence {fe,. } is said to be fuzzy soft G-Cauchy if for every ¢>0, there

exist 650 and a positive integer N = N (€) such that G(fen,fem,fel)<e for all n,m,l > N; that is
G(fens fems fer) = 0 as n,m,l — oo.

Definition 4.3. A fuzzy soft G-metric space (E, é) is said to be fuzzy soft G-complete if every
fuzzy soft G-Cauchy sequence in (E, G) is fuzzy soft G-convergent in (E, G).

Proposition 4.2. Let (E,é) be a fuzzy soft G-metric space and {fe, } be sequence of fuzzy soft
elements in E. Then the following are equivalent:

(1) The sequence {fe,} is fuzzy soft G-Cauchy sequence.

(2) For every é0, there exist a natural number N such that G(fe,,, fer, fen, )<E foralln,m > N .
(3) The sequence {fe, } is a Cauchy sequence in the fuzzy soft metric space (E G-

Proof. (1) = (2) It is obvious by axiom (~FSG3).
(2) © (3) It is clear by the definition of dg. y
(2) = (1) If we set fe = fe,,, then it is obvious by axiom (F'SGs). O

Corollary 4.1. Ewvery fuzzy soft G-convergent sequence in any fuzzy soft G-metric space (E', é) i
fuzzy soft G-Cauchy sequence.

Proposition 4.3. A fuzzy soft G-metric space (E,G) is fuzzy soft G-complete if and only if (E, ~C~;)
18 a complete fuzzy soft metric space.

Proof. It follows from Propositions 4.2 and 3.4. O

Definition 4.4. Let (E,G), (E,G) be two fuzzy soft G-metric spaces. Then a function T : E—E
is fuzzy soft G-continuous at a fuzzy soft element f.€FSC(FE) if and only if for every é¢>0, there

exists 6>0 such that fe,, fe, EFSC(E) and G(fe, fey, fep)<0 implies that G(T fe, T fe,, T fey)<E.

A function T' is a fuzzy soft G-continuous if and only if it is fuzzy soft G-continuous at all fuzzy
soft elements f.EFSC(E)
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Proposition 4.4. Let (E, é), (E, G) be two fuzzy soft G-metric spaces. Then a functionT : E — E
is fuzzy soft G-continuous at a fuzzy soft element feéFSC(E) if and only if it is a fuzzy soft G-
sequentially continuous at a fuzzy soft element feéFSC(E), i.e. whenever {fe,} is fuzzy soft
G-convergent to fe, {T fe,} is fuzzy soft G-convergent to T fe.

Proof. Necessity: Assume that T is a fuzzy soft G-continuous. Given f, — fe, we wish to show
that T'fr, — T fe.

Let ¢>0. By hypothesis, there exists a 6>0 such that fe,, f, € FSC(E) and

C(fes fers fea) 26 = QT fe, T fey, Tfey) <E.
Since fn, — fe corresponds to 530 where 5()\) = 0, there exists a natural number N such that
1> N = G(fes fens fen) <6 = G(fes feus feu)(A) < Or.

Hence, we have

0> N = G(Tfo, Tfe,, T fe,)Zé = G(Tfe,Tfer, Tfe,)(N) < er.
This implies that T'f.,, — T fe.

Sufficiency: This can be clearly proved assuming that 7 is not fuzzy soft G-continuous at a fuzzy
soft element f.. O

Theorem 4.2. Let (E,G) be a fuzzy soft G-complete and T : (E,G) = (E,G) be a mapping that
satisfies the following condition for all fe,, fey, fes EFSC(E),

G(T fer, T ey, Tfes)SAG(fer s T fer s Tfer) + G (feg, T fegs Tfes)+

- ’ (4.1)
EG(fesva€37Tf€3) +d (f€17f627fe3)-

where 0<a + b + & + d<1.
Then T has a unique fived point, say fo, and T is a fuzzy soft G-continuous at fe.

Proof. Let f.,EFSC(E) be an arbitrary fuzzy soft element and define the sequence {fe, }nen by
fen =T"(feo)- From (4.1), we get

é(fenv f€n+1 ’ f'5n+1 )éaé(fen,f1 7_f€n ) fen) + Zé(fen ) fen,+1 ) f€n+1) +

5é(fen ) fen+1 ) f€n+1) + d_é(fenfl ) f5n7 fen)'
Then

G(fens Fensns fensn )@+ )G (fer 1y fons fer) + 0+ DC(fers fensns fensn)-

Thus we have

G(fen, f€n+1 ) fen,+1)§ iia(%»ig) G’(fen,—l ) f6n7 f&n)'

7. _ _a+d
Le~t~k e L
Since 0<a + b + ¢<1,0<k<1. So we get

é(fen ’ fen,+1 ) fen+1)é G(fen71 ’ fhm fen)' (42)

10
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Hence we have the following inequalities:

G(fen_1s fens Fen ) SKG (fen_gs fen—1s fen_s)s
G(fen—as fen—1 fen1)SkG(fer sy fen_as fen_s),

(4.3)
Combining (4.2) and (4.3) we obtain
é(fenv f6n+1 ) fen,+1 )é(z)né(fﬁoa fel I fﬁl ) (44)
For all m,n € N such that n < m, we have
G(fens Fermr Fem)SG(fen Feni1s fenin)s (:fen+1,fe,1+2,fen+2) G(fers—1» Fems fer)
SR+ R ot (B )G ag forrfer)
S k ZG(f€0>f€17f€1)7

.

Thus G(fen,fem,fem) — 0 as m,n — .

by (FSGs) an

—
q;

So {fe,} is a fuzzy soft G-Cauchy sequence. Since (E,G) is a fuzzy soft G-complete, there exists
ge€EFSC(FE) such that {f., } fuzzy soft G-convergence to ge.

Assume that T'ge # ge, i-e., Tge(Ao) # ge(Xo) for some Ao € E. Then by (4.1) we have
G(fen:T9e,T9e)SAG(fe,,_ys fens fen) +bG(ge, Tge; T'ge) + G (ge;s Tge, Tge) + dG (fe, 1, Ges Ge)-

Thus
GfensT9e, Tg) GG (fen 1 Fens Feu) + (b + E)G(ge, Te, Tge) + dG(fe, . ge ge).
By taking the limlt as n — oo, we get
G (ge: Tge, Tge) (b + DG (ge. Tge, Tae)-
Since {fe, } — ge. This is a contradiction. Hence T'ge = ge.

Let us prove uniqueness. Suppose there exists a fuzzy soft element h. such that g. # he and
The = he. Then by (4.1), we get

Tge,Tge) + (b+ &G (he, The, The) + dG(ge, he, he)

G(ge, he,he) = G(Tge, The, The) <aGl(ge,
=d (ge, e)

Thus we find that g = he.

Let us prove that T is fuzzy soft G-continuous at ge. Let {ge, } be a sequence of fuzzy soft elements
in F such that {ge, } — ge. Then by (4.1) we have
Cger Tgen> Tgen ) SAG (g2, Tge, Tge) + + (b+Cge, Tgens Tge,) + dG(ge, ge s gen) (45)
= 0+ )G (Gens TGens Te,) + AG(ge, Gens Ger)-
Also, by FSGs, we have
G(gensTGen, T9e) <G (gen, ger 9e) + Glge, Tge,,, Tge,)- (4.6)

Then we combine (4.5) and (4.6), to get

11
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G (ges Tgens Tgen) (b + G (gens ge, ge) + (b + &G (ge, T'ge,, Tge,,) + dG(ge, Gen  Gen )-
Thus

G(ge; Tger,, Tge, )< i—(%_ié) G(Gensge, ge) + i—(%l+5) G(ges Gens Gen)-

By taking the limit as n — oo, we obtain
G(ge,Tge,Tge,) — 0 since {ge, } = ge. S0 {T'ge,} = Tge = ge, from Proposition 4.1.
Hence T is fuzzy soft G-continuous at g. by Proposition 4.4. O

Corollary 4.3. Let (E,G) be a fuzzy soft G-complete metric space and T : (E,G) = (E,Q) be a
mapping that salisfies the following condition for all fers feas fes EFSC(E),
G(Tfer, Tfer, T fes)SAG(fer, Tfers Tfer) + bG(feo, Tfes Tfey) + €G(fess T ez, T fes),
where 0<a + b+ ¢<1.
Then T has a unique fixed point, say ge, and T is a fuzzy soft G-continuous at ge.

Proof. If we take d = 0 in Theorem 4.2, it is obvious. O

satisfies for all fe, € FSC(E) fori=1,2,3, the following

G(T? fer, T? fey, T* fe3 ) SAG(fer fes, fes) + bG(T fer, Tfer, Tfey),
where R
0<@,b< (L) and 0<3a + b<1.
Then, T? has a unique fized point for some unique foEFSC(E) (i.e. T?f. = f.), and T? is fuzzy
soft G-continuous at fe.

Proof. Let fe, =Tfe, , and fe, ., =Tfe, =T°fe,_,. Now observe that

G(T? fep 12T fers T? ferir)

GG (fer v fons fernin) 0G(Tfur 1, Ter T s)

GG (fep s fens Fensn) +BC(fers fenins fenia)

G(fer1s Fenvar Fenya) TG (feryar Fons fenyn) + G (fens Fenins fenia)
QG (fer_1» Feniss fenys) + @G (fer sy Fenins fensa)

@G (fepyas fens fensr) + G

G(fepirs fensar fonss)

I 1A

IAC A
Qll

(fens fensrs feniz)
éQC:LGY(fen—l ) f€n+37 f€n+3) + (C:L + E)G(fen, f6n+1 ) fen+2 )
(4.7)
From (4.7), we deduce that
G(f5n+1 ) fen,+2:7 fen+3)§§/G(fen ) fen,+1 ) f€n+2)7

where 5 = %ZL and by induction,
—za

Gfenirs fenpas Fensa) SV Cfer, feas fes)-

Consequently, the sequence {fe,} is fuzzy soft G-Cauchy. By the fuzzy soft G-completeness of
(E, C:’), there exists f. such that lim, oo fe, = fe. By the fuzzy soft G-continuity of T? at f., that
is, T is also fuzzy soft G-continuous at f. and we have

Je =Tt o0 fersp =Moo T2(fe,) = T2 (limnosoc fe,) = T2(L2).

12



Sayed et al.; JAMCS, 27(6): 1-15, 2018; Article no.JAMCS.4208

For uniqueness, Suppose there exists a fuzzy soft element g. such that f. # ge and Tge = ge, then

G’(feageage) = G(TQfeaTQQeyTQQe)éaé(fe,gevge) + zé(Tfev Tge,Tge)
<(a+b)G(fe, ge, ge) (4.8)
(FIG(fer ges ge)-
Clearly, the above inequality (4.8) implies that G(fe, ge,ge) = 0; hence f. = g and so, T? has a
unique fixed point. O
5 Conclusions
It is well known that if X is a nonempty set and G : X — R satisfies Definition 3 [16], then G
is called a G-metric and (X, G) is called a G-metric space. If we replace the set X with the set of
all fuzzy soft points of an absolute fuzzy soft set, and R™ with the set of all nonnegative fuzzy soft
real numbers, then we get a refinement of G-metric space called fuzzy soft G-metric space, which
appears as a new concept is introduced in this paper. Then, fuzzy soft convergence and fuzzy soft
continuity are studied in fuzzy soft G-metric space, Finally, some fixed points theorems are proved.
In the future, we will try to improve the search performance further for some types of mappings.
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