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Abstract

In this paper, the formulation of the block second derivative Blended Linear Multistep methods for step
numbers k=5,6 and7 was considered. We present a new family of blended block A-stable second
derivative linear multistep methods of order p=k+2 for step numbers k=5,6 and 7 for the solution of stiff
initial value problems. The newly constructed blended block methods are all A-stable, consistent, zero-
stable and as such convergent. Numerical examples are considered to show the performance of the new
methods.
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1 Introduction

Numerical solution of real life modelled problems in areas like engineering, science and social sciences
often lead to stiff systems of first order Ordinary Differential Equations (ODEs) of the form: Some of these
real-life modelled equations do not have analytic solutions as such the need for good numerical methods to
approximate their solutions.

In this paper, we are a concern with the numerical solution of the stiff initial value problem (1) using the
second derivative linear multistep.

y'(x)= [(x,py(x)), y(x,)= », )]

The solutions of (1) using the known analytical methods are not always easy, and some cases cannot even be
solved at all using these methods. The Robertson and Van der pol's equations are good examples of (1).
Numerical analysts have developed methods for the numerical solutions of both stiff and non-stiff problems.
Researchers like [1-3], the second derivative methods of [4], Enright constructed the blended linear
multistep methods of order two for solving (1) directly, [5] constructed a 4-point block method for direct
integration of (1). In this paper, a new continuous linear multistep method, in which the approximate
solution is the combination of power series and an exponential function. Other authors who have done
considerable work on the numerical solution of (1) for the first derivative case Include [6-9]. The second
derivative has been studied for the solution of (1) by some authors like [4,10-15], and so on. Such methods
either relax the condition to obtain A — stable methods or incorporate off-step points to improve the stability
of the methods.

The objectives of paper are to develop a class of A-stable blended block linear multistep methods of high
order using the collocation approach as in Enright and to implement these methods in block form as
numerical integrators to eliminate the use of starting values.

2 Formulations of the Methods

In this second a k - step the second derivative of the form
() = 2525 @) 00y + R BT By () fpa + 12 TIZ5 4, ()Y 2
yix j=0% X)Yn+;j i=0Bj () fnsj j=0 XYy ()

where @ ;>0 ; and 7,  are parameters to be determined and using the collocation approach of [16],
[17] to construct we obtain the continuous formulation of (2) fork =15 as

Y (Xnis) = aa(O)ynia + h[Bo () fo + B1(0) frvr + B200) fraz + B3(X) frsa+Ba(x) frra + Bs () fras] +
h?2s(x)y"" 3)

n+5

and the D matrix as

1 (x,+4h) (x,+4h)? - (x,+4h)"
0 1 2%, 6x,°
D=]|: : : : : 4
0 1 2(x, +5h) .. 6(x,+5h)°
0 0 2 -+ 30(x, + 5h)*

The continuous scheme is given as

14972 139973 137* 475 76 77 158h

120h 1800h2  48h3  75h*  180h>  4200h® 525

T +%0) = Ve + (7=
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25712 44573 590t* 4775  19¢° T’/ 52h

( 8h  144h? ' 384k  160h* ' 576h5  672h6 ?)
—25t2 595¢3 67t* 3175 1° T’ 344h

( 6h ' 108hZ  24h3 ' 45h* 12k | 252h5 945 )

2572 2157% 3237* 1097°  177° 77 176h

( 6h _ 36h? | 72h3  120h* ' 144h5  168h 105 )f"+3

—257t%2 33573 1337* 4715 16 7 2h

( A

6h T 72h  48h® TSmt ons T 168h° 35
149t 202697 439c* 244915 47c° 13707 sdsh
120n 1080012 | 38ah®  7200h* T 960h5 | 50400k 4725

( 1371: 1574 177° 76 77 16h?2
2

+ 0w 515)
180h  32h%Z  120h3  48h* = 840h° 315 Gn+s

Gn+s = Yn+s )

Evaluating the continuous scheme 3)at + = 0, 4,2 h,3 h,5 h Yyields the main and additional
method which are combine as blended block methods of Five-Step as a global solution for (1)

158 52 344 176 548 16 2
Yn = Yn+a — ﬁhfn - ﬁhfn+1 945 ——hfp— 105 ——hfnz— hfn+4- 4725 ——hfpis— 315 772 W Vnaes

1 53 382 773 263 21 1 P
Yn+2 = Yn+a — mhfn 2520 hfni1 — 945 hfniz — 630 ——hfnz— 630 ——hfpa+ - 7560 hfnis— 126 7 M Vnis

19 89 677 1933 323 48467
Yn+3 = Yn+a — mhzj;nl 2480 o W + 7560 hfniz2 — 3360 hfuiz — 560 hfnig + e 604800 hfnss
2.

~ 10080 " Vs

41 3 1271 2837 317731
}’;:;’5 =Yn+a T 25200 fn 20320 hfn+1 + 7560 hfn+2 10080 hfn+3 +tooo 5040 hfn+4 RalProrevs 604800 hfn+5
2.

Toos0 1 Yn+s (6)

Similarly, the continuous formulation for K=6 and 7 were obtained using the general form of the
Blended Block Linear Multistep method for k=6 as:

Y (xnie) = as(X)Ynas + h[Bo () fro + B1(0) frar + B2 () fruvz + B3 () frras +Ba () frrva + Bs () froas + B (X) frnae] +
R226(X)Y"" (7

and the D matrix as

1 (x,+5h) (x,+5h)?% - (x,+5h)
0 1 2%, 7x,°
p=|: : : : ®)
0 1 20x, + 6h) ... 7(x, + 6h)°
0 0 2 o 42(x, + 6h)°

The continuous scheme is given as

_ 15772 95973 30177% 11975 3017° 77 8 42655 h
Y@+ xp) = Ynys + (7 — fr

120n ' 1080h%2  8640h3 ' 1440h*  25920h5 ' 1120h6 ' 4800h7 145152

1812 9713_|_377r4 151‘[5+ 117° 1377 N 78 6185h
S5h 25h2  200h3 300h* 144h5 2100h® 4800h7 4032
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—45712 12773 28971* 12837¢° 25116+ 2577 78 7375h
8h 16h2 64h3 960h* 1152h5  1344h® 1536h7 32256 furz

2072 274‘1:34_685‘1:4 61‘1’54_22916 2‘[7+ 78 33625h
3h 27h? 108h3 40h* 648h5 63h¢ 864h7 18144 n+3

—45712 N 7173 373t N 94975 209t° N 2377 78 5875h
8h 8h? 64h3 480h* ©576h° ' 672h5 768h7 16128 )7"**

(1812 29t3 157t* 837> 1917° 1177 78 3805h>
n+5

Sh Sh® T 40n®  60R* | 7205  420R°  960h7 _ 4032
—157¢ 22979t 21019t 7543r° _ 355¢° 10497 49t®  21065h
120h ' 10800h2  14400h° | 14400h* 3456h°5 | 100800h°  115200h7 _ 96768 ) ™+

2 49t 203t* 49¢° 357 77 78 275h

2
* (ﬁ T 60h " 360n2  240h3 ' B64R* 240K ' 5760h7 3456)9"+6

)

In+6 = Yn+e

the general form of the Blended Block Linear Multistep method for k=7 as:

Y (Xns7) = a6 Vnss + hBo () fu + B1OO) frir + B2 () fnsz + B3 () frra +Ba () frva + Bs () frvs + B (%) frvs + B7 () frer] +
R, ()", (10)

and the D matrix as

1 (x,+6h) (x,+6h)? - (x,+6h)®
0 1 2X,, 11x,’
D=|: s ; . : (11)
0 1 20, +7h) .. 8(x, +7h)7
0 0 2 -+ 56(x, + 7h)°
The continuous scheme is given as
_ 115972 | 153173 3839t* = 264775 1397° 77 1778 177°
Y@ +%x0) = Ynss + (T " Tsa0n 1512h%  8640h® ' 21600h*  6480h°5 ' 432h®  120960h7  1272160h8
1994700/n
2172 73973 3221¢*  75477% 299t 45777 118 7° 1413h
( 5h  150hZ  1200A3  9000A* ' 1440h5  25200h% ' 9600h7 32400k 875 >f"“
—6372 94973 6017* 12449715 19t 7117 78 7° 27h
*’( 8h ' 80nZ  BOR® 4800h4"36h5+1120h6"240h7+8640h8+§§6>ﬁ”2
35¢2 1019473 5617¢* 521375 27017 39777 3178 ° 89
( 3k 5ahz | 432h3  1080h* | 2592h5  3024h6  3456h7 ' 3888h° ?) Jurs
—1057t% 52773 3037t* 8881t°> 67t® 18577 578 7 99h
( 8h | 24h?  192h3 ' 1440h* 48hS ' 1008h°  384h7 ' 5292h° m) Jurs
6372 4373 1273t* 38477° 2167t® 2377 298 ™  459h
<5h-_2M-+8mﬁ _6mm4+pMMﬁ_1uhV'unmw_zmom"U5>ﬂ”
297°

120h T 10800n2 ~ 36001 | 72000h* _ 540h° T 50400h° | 1800A7 _ 129600 h®
401h)
1750/ /m*6

<679T2 10493371% 261137t* 2127017°> 379t°® 488977 1378
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3t2  1577% 137t* 43175 17¢° 4377 378 70 9h
(W * 210n7 ~ 2403 T 1800h* _ 288h5 ' 5040k  4480h7 4536043 175>f”+7
712 1217t 32837* 6769715  491° 2377 778 70 9h
* (ﬁ T 20h T 720n7 360043 T 108A* 360k | 1440h7  6480RE 25)9"+7

In+7 = Yna7 (12)

these continuous formulations are evaluated at * 0,,2h,3h, 4h, 6h and T T 0,h,2h,3h,4h,5h, Th

for k=6 and 7 respectively to yield the following blended block methods.

42655 6185 7375 33625 5875 3805

Yn = Yn+s T Tusis; fn—4032 hfn+1 = 32256 hfn+a = 18144 hfn+s = 16128 hfn+a = 2032 hfn+s +
21065 hf 275 pa

6768 'Un+6 T 3356 M Vnte

38 136 664 136
Yn+1 = Yn+s +5= 945 f 105 hfn+1 105 hfn+2 hfn+3 105 hfn+4 105 hfn+5 to 945 hfn+6
_ b 327 7923 3719 3719 9159 b 1161 b
Yn+2 = Yn+s — 5376 fn 11200 fn+1 17920 fn+2 3360 fn+3 8960 fn+4 2240 fn+5
——h?
89600 fn+6 640 yn+6
L 1 L8t 131 1171 3067 134 134,
Yn+3 = Yn+s 4536 f 315 fn+1 5040 fn+2 2835 fn+3 2520 fn+4 315 fn+5
——h?
53 15314210 s = %9?3 e 4033 16789 3611
Yn+a = Yn+s — 48384 fn 33600 hfn+1 53760 hfn+2 +— 30240 hfn+3 26880 hfn+4 6720 hfn+5 +
154913 13,5 v
2419200 Mve = 6‘;(3),1 Tnss 5771 8131 13823 12079
Yn+e = Yn+s = o000 hfn + 20160 hfner = 161280 hfnsz = 90720 hfnes = 80640 hfnsa 20160 hfn+s +
247021 275 42, 13)
483840 hfn+e = 3456 L In+6 (

3.3.7 Seven- Step Blended Block Linear Multistep Methods (BBLMM)

199 1413 99
Yn = Yn+e — mhfn hfn+1 + 350 hfps2 — 35 hfn+3 +mhfn+4

9 9 5
175 hfn+7 _Z_h yn+7
1625 25685 50 141875 96875 17125
= + =——h —h ——h
Yn+1 Yn+6 217728 fn 72576 fn+1 189 fn+2 217728 fn+3 72576 fn+4 24192 fn+5
5665 hf 125 hf 425 4
9072 /16 T 10368 n+7 ¥ 2592 Yn+7
52 1328 1892 10288 2356 5392
Yn+2 = Yn+e 42525 fn 70875 fn+1 4725 fn+2 8505 fn+3 2835 fn+4 4725 fn+5
30928 104
+— —— h?
70875 hfn+e 14175 hfnsz + 2025 ¢ Yn+7
657

hfn+5 + hfn+6 +

175 1750

2021 5031 20871

= +——nh ——nh 27 p —h —h ——h
Yn+3 = Yn+e 22400 fn 112000 fn+1 700 fn+2 4480 fn+3 4480 fn+4 22400 fn+5
7321
—_— ——h L p2
14000 hfn+e = 22400 S+ + 205 800 7

29 139 5237 5321

= - ——h —h +—h P
Yn+4 = Yn+e 170100 fn 70875 fn+1 9450 fn+2 8505 fn+3 11340 fn+4 4_725 fn+5
64003 hf hf 127
Tar7s0 Unts T 5055 Mnar T 5500 M Yngy

1201 20609 37631 32233 302429

= + 52 p 37631 32233 302429
Yn+s = Yn+e T Saa00 fo = 9072000 hfns + 4725 fura = 1088640 hfn+s + 362880 hfnra = 604800 hfn+s =
633277 8563 7297 15 o

=2 +
1134000 hfnve = 1814400 hfnsr 64800 'L In+7
6031 99359 943 153761 105943 341699
= - h h + h +
Yn+7 = VYn+6 = Siaza00 f 9072000 frr = 18900 frsz = 1088640 hfn+s = 362880 frva 604800 fr+s
449527 416173 33953
h e 14
1134000 frve + 1814400 hfnsr + 64800 Yn+7 (14)



Omagwu, et al.; JAMCS, 27(6): 1-12, 2018; Article no.JAMCS.41220

2.1 Stability analysis of the methods (see[14])

In the spirit of [18], the local truncation error associated with the block method is the linear difference
operator

k
LIY(x): h] = Z{ajy(x +jh) = Y 'B; — R2RY 'Yy, (x + jh)) (15)

Jj=0

We assume that Y (x) is sufficiently differentiable, and so the terms of (5) can be expanded by Taylor series
about x to give the expression

L[Y(x):h] = CohZ(x) + C,Z'(x) + -+ + CqZ(x) + - (16)

Where Cy = Xf_o a;

K K
G = Zf“j - Zﬁj
=0

}.1:0k k k
=-Ni2, N ip .
CZ - ZZ] a} Z]B] ZV]
j=0 =0 j=0
_1gk 1 k  :q-1 1 k :q-2 —
Cq= ;Zj=01q“j - (q_l)!zj:olq B — (q_z)!zj':olq Bi  q=56,. (17)
A block method is said to be of order pif Co = C; = C; = = = C, = Cpyq = 0,Cpyy # 0

Z’;; is the error constant and local truncation error of the methods
The fifth, sixth and seventh step method has order
p=(6,6,6,6,6)"
p=(7,7,7,7,7,7)"
and p=(8,8,8,8,8,8,8)"

T
and error constants of C8:< 743 ,7432, 354 , —>74 , 863 )
10000010000 1000000100000 1000000
T
c, = 702 —436 731 375 528 59
100000°100000 1000000100000 100000010000

T
Co=| ! 813 —204 145 —461 1 615
200°1000000°1000000 100000 10000000 100001000000

Respectively. Since the block methods are all of order P > 1, they are all consistent. [19]
3 Zero-stability of the Block Methods

Following the work of [14], we observed that the seven-step block method is zero stable as the roots of the
equation det(r (4 — Cz — D1 #) —B) =0 are less than or equal to 1.

Since the block method is consistent and zero-stable, the method is convergent [19].
4 Region of Absolute Stability

Solving the characteristic equation det(r(A — Cz — D/z%) — B) for r, we obtain the stability functions for
k=7, 6, and k=5 respectively:
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(293549(32572" +96865z° —7515311z° —10553225z*
+4358570212° +45950311821z° 4+-2190780031)) /
(25962811280z° —8268297002° — 27608989452 +
851407818z° +5094990195032" —83077823942880z"
—2486246178954622° — 4006457142890z +
75052181186900z +573907215521)

R(2z) = (18)

(181440(3348z° +736562° —8015677z* —1073732582°
+5850437132> +8709120)) / (1182965212802" — 398268079200z
R(2) =| _120367409898152° +171404818705822° -+ 2038074880195082* (19)

—830778239428802z" —286454982461760z° +152180571916800=
+1580182732800)

8§255230114(254102° - 73585677z°
+ 2522917582 - 65304334227 + 90021753))

R(z)= §/(333699531580z°+ 171404818705822° +
29733481123z%- 51965523492880z° -
7604546164382z + 21684689211z + 1580182732800)

(20)

[l

o]

Fig.1a
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Fig. la is the Region of Absolute Stability of the Blended Block Methods for K=7, Fig. 1b is the Region of
Absolute Stability of the Blended Block Methods for K=6, and Fig. 1c is the Region of Absolute Stability of
the Blended Block Methods for K= 5. These absolute stability regions are all A- Stable since they contain
the left-hand half complex plain. The stability region is all the regions outside the shape. The circle or oval
shape is the excluded region for the stability region.

4.1 Numerical experiment

In this section, we shall test the new A-stable block methods for k=5,6 and 7 to ascertain their suitability for
solving (1)

Problem 1 Irregular Heartbeat and Lidocaine Model

The irregular heartbeat and Lidocaine model is expressed mathematically by the following ivp y; =
—0.09 y; + 0.038 y, andy, = 0.066 y; — 0.038 y,,y;(0) = y,(0) = y,, yo = Maximum Safe Dosage =
3mw/kg® 0 < x <700, h=0.1

o

Y

vy1 BBLMM 5
y2 BBLMM 5
y1 ODE 15s
y2 ODE 15s

yaxis
N
T

g “,
“, %’%
1+ %""««.,,' "«,,‘l
",
ity l""’h,
o, ity
ot "ttty
0.5 i
iy, %"’"’m«
1 ’“*num.,,,"m“
. LT
s S 1y,
° L L L e ———————— Y
o 100 200 300 400 500 600 700
x-axis
Fig. 2a
3.5
{ 5, y1 BBLMM 6
% y2 BBLMM 6
ab “7% y1 ODE 15s
,% y2 ODE 15s
%
2.5 \
2 1:,&%
£
g “,
1.5+
‘%.E‘M
“,
1+ ""-w,% "“"4%
“,
""“'w,,ﬁ iy,
“ *
o iy
i, i,
0.5 g, it
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g, it
0 m««mmw
o ——— —
o L L L o ———————————
o 100 200 300 400 500 600 700
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y1 BBLMM 7
y2 BBLMM 7
y1 ODE 15s
' y2 ODE 15s

y axis

Problem 2 Stiff Linear System

y; = —500000.5 y; + 4.99999.5 y,

¥, = 499999.5y, — 500000.5 y,

¥1(0) = 0,,(0) =2 0<x<100, ~2=0.1

Theoretical solution is given by

y(t) = —efr k ez, y,(t) = e + —etzs
Fig. 3a
Fig. 3b
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0.5

-0.5

y1 BBLMM 6
y2 BBLMM 6
y1 ODE 15s
y2 ODE 15s

10 20 30

40 50 60 70

Fig. 3¢

)
80 90 100

Fig. 3a, Fig 3b and Fig 3c are the solution curves for problem 1 using blended blocks for k=5,6 7

respectively

Table 1. Absolute Errors of the First Component for Problem 2 using BBLMMS

h=0.1 BBLMMS 5 BBLMMS 6 BBLMM 7
X Error Error Error

0 0.0000E+00 0.0000E+00 0.0000E+00
0.1 4.0593E-06 1.7934E-06 3.2012E-06
0.2 3.5214E-06 2.2618E-07 5.3954E-08
0.3 6.1853E-08 4.3728E-08 2.8396E-08
0.4 3.4290E-09 3.2684E-09 2.04333E-10
0.5 5.6238E-09 2.2573E-09 1.8243E-10
0.6 1.53128E-10 6.1744E-10 4.228E-12
0.7 1.1353E-11 8.5006E-11 3.0913E-12
0.8 1.54097E-11 5.2304E-11 1.1827E-12
0.9 9.8532E-12 4.8429E-14 2.8920E-14
1.0 4.3851E-14 1.0641E-16 4.38111E-16
1.1 1.4327-16 5.5525E-18 2.4820E-18
1.2 2.7648E-16 9.4352E-18 3.5266E-18

5 Conclusion

The New Class of blended block second derivative linear multistep methods has been constructed through
the multistep collocation approach for the solution of stiff systems. The analysis of the stability properties
shows that the methods are all A-stable and convergent. Numerical experiments reveal the efficiency and
accuracy of the newly constructed methods in solving Problem 5.4 which is a model of the relationship
between Lidocaine and Irregular Heartbeat. Lidocaine belong to a group of drugs known as anti-arrhythmic
which work by preventing sodium from being pumped out on the cells of the Heart to help the Heartbeat
normally.

From our solution curves, it was observed that normalcy in the Heartbeat can be attained with the use of
Lidocaine within the correct dosage. Our solution curves coincide with the solutions of ODE 15s. From the
solution curve, there are four lines in the legend while the graph is showing two lines signifying that the
solution curve for ODE 15 and that of our methods are on each other.

10
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The Solutions curves are In terms of y; 4nq 5, please.
Tables 1 show that our methods performed well with marginal absolute error constants.

Generally BBLMMs for step numbers k=5,6 and 7 approximate well the solutions of the linear and non-
linear stiff system of Ordinary Differential Equations as compared with the well-known ODE solvers ODE
15s solution curves on the same axes and the exact solutions in problem 2 from the table of absolute error
values.
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