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ABSTRACT

This paper investigate the optimal control problem for a modified Novikov equation with dissipation.
The existence and uniqueness of regular local solution to the corresponding initial boundary value
problem is guaranteed by the Faedo-Galerkin method. A critical estimate of the solution is
obtained. Finally, the existence of an optimal solution to the control problem is proved.
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1. INTRODUCTION

The Novikov equation

(1.1)

was isolated by Novikov [1] in a symmetry
classification of nonlocal partial differential
equations. Compared with the Camassa-Holm
equation [2]

2. 2
u,—u_, +4uu =3uuu_ +uu_

u —u_, +3uu, =2uu_+uu_ (12)
the Novikov equation has nonlinear terms that
are cubic, rather than quadratic, which can be
thought as a generalization of the Camassa-
Holm equation. Novikov [1] found its first few
symmetries and he subsequently found a scalar
Lax pair for it, proving that the equation is
integrable. Hone and Wang [3] gave a matrix Lax
pair for the Novikov equation, and showed how it
was related by a reciprocal transformation to a
negative flow in the Sawada-Kotera hierarchy.
Infinitely many conserved quantities were found,
as well as a bi-Hamiltonian structure. They also

presented peakons for Eq. (1.1) . Liu, Liu and Qu

[4] proved such peakons are orbital stable. Hone,
Lundmark and Szmigielski [5] calculated the
explicit formulas for multipeakon solutions of Eq.

(1.1), using the matrix Lax pair found by Hone

and Wang. Very recent work are intensively
devoted to studying the local well-posedness,
global existence of strong and weak solution, and
blow up of solution of initial value problem for

Eq. (1.1) in Sobolev spaces or Besov spaces
[6-13].

In general, the energy dissipation mechanisms
are difficult to avoid in a real world and many
authors considered the dissipative effects on the
practical models. For example, Ott and Sudan
[14] investigated the KdV equation with the
presence of dissipation and their effect on
solution of the KdV equation. The long time
behavior of solutions to the weakly dissipative
KdV equation was studied by Ghidaglia [15].
Recently, Wu and Yin investigated the weakly
dissipative Camassa-Holm equation

u, —u, +3uu, =2uu +uu —A(u—u)(13)

on the line [16] and on the circle [17]. They also
studied the weakly dissipative Degasperis-
Procesi equation
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u, =, 4, =3uu +uu —A(u-u) (14)

on the line in [18,19] and on the circle [20], where

A >0 is a constant. In [21], Yan, Li and Zhang
considered the global existence and blow-up for
the weakly dissipative Novikov equation

2 2
u,—u, +4wtu, =3uuu, +utu —Alu—u)

A>0. (1.5)

In this paper, we investigate an optimal control
problem governed by a modified Novikov
equation with dissipation

2
m+um +uum—gm, =0,m=u—u_ e

where & >0 denotes the dissipation. When

=0, the equation is one of the modified
Novikov equations recently studied by Mi and Mu

(see, Eq.(l.l) in [22] withb=1). In comparison

with most of the low-order nonlinear equations,
such as the Burgers equation [see, 23,24,25], the
Camassa-Holm equation [2,26], the Degasperis-
Procesi equation [27] and the Dullin-Gottwalld-
Holm equation [28], the Novikov equation has
higher order nonlinear terms. Therefore, the
treatment of this equation is generally of more
difficulty and challenge. One can see this point in
the study of the Cauchy problem of this equation
(see, for instance, [6-13]).

The optimal control is an important component of
modern control theories and has a wider
application in modern engineering. Two methods
are introduced to study the control problems in
partial differential equation (PDE): One is using a
low model method, and then changing to an
ordinary differential equation (ODE) model [29];
the other is using a quasi-optimal control method
[30]. No matter which one is chosen, it is
necessary to prove the existence of optimal
solution according to the basic theory [31]. Let us
mention some papers concerning optimal control
problems for nonlinear PDEs. Ghattas and Bark
[32] studied the optimal control of two and three
dimensional incompressible Navier-Stokes flows.
Vedantham [23] developed a technique to utilize
the Cole-Hopf transformation to solve an optimal
control problem for the Burgers equation. Sang-
Uk Ryu and Atsushi Yagi [33] investigated the
optimal control of the Keller-Segel equations.
Volkwein [24] used the augmented Lagrangian-
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SQP technique to solve the optimal control
problem governed by the Burgers equaiton.
Hinze and Volkwein [25] discussed the
instantaneous control of the Burgers equation.
Lagnese and Leugering [34] considered the
problem of boundary optimal control of a wave
equation with boundary dissipation. Oksendal
[35] proved a sufficient maximum principle for the
optimal control systems described by a quasi-
linear stochastic heat equation. Based on the
energy estimates and the compact method, Tian,
Shen et al. [26-28] studied the optimal control
problems for the viscous Camassa-Holm
equation, viscous Degasperis-Procesi equation
and viscous Dullin-Gottwalld-Holm equation.
Under boundary condition, Zhao and Liu [36]
studied optimal control problem for viscous
Cahn-Hilliard equation.

Our paper is organized as follows. In Section 2,
we formulate the control problem. In Section 3,
we obtain the existence of a unique regular
solution to the dissipative modified Novikov
equation and a critical estimate of this equation.
In Section 4, we prove the existence of an
optimal solution to the control problem. A short
conclusion is made in Section 5.

2. FORMULATION OF THE OPTIMAL
CONTROL PROBLEM

It is appropriate to introduce some notations. Let
Q) denote the interval (0,1) , and Q, be a

subset of O with positive measure. Define

HUO LZ (Q)= {u(x) = Zuk exp (2imkx) :z‘uk ‘Z < oo,_[ﬂu(x)dx = 0}

which is endowed with the scalar product.
(u,v)H = .[Qu(x)w(x)dx ,

and the norm

el (CXOME

Let L” (Q) be the space of real functions on Q)

which are measurable and essentially bounded;
it is a Banach for the norm

”M (@) =i1£ess|u(x)| .
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We introduce the Sobolev space
HS(Q)={u:ueLz(Q),D’ueLZ(Q),j:Lz,...’S} ,
seN

which is equipped with the scalar product

(u’v)H‘(Q) - Z(Dju’Djv)Lz(Q) ’

Jj=0

with the norm
1

||u||H"(Q) = ((”’ u)H"(Q) )E :

H,, = {u (x)= ;uk exp (2izhx) :; (1+ ‘k‘z )‘ |ut, ‘z < oo,IQu (x)dx= 0}

A
We have on V:H;gr a Poincaré’s inequality

||u||L2(Q) <¢, (Q)”Du Yuel .

LZ(Q) ’

This shows that V' is Hilbertian for the scalar

product ((p,l//)V =((p',(//')H and

1
= 2 H .
”””V—((M,M)V) is a norm on this space

equivalent to that induced by H' (Q) see [37].

Denote the dual spaces of V' and H as
Vr=H" (Q) and H ", respectively. Obviously,

V—->H=H —V", each embedding being

dense. The duality pairing between V"and V' is
given by

(u,(/))V.J/:J.u(x)-v(x)dx for ueV" and
pelV .

For given T >0 and Banach space X , let
r (O,T;X) and C(O,T;X) denote the space
of square integrable and continuous functions,
respectively, in the sense of Bochner from [O,T]

to X . They are Banach spaces for the norms
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”f”LZ(O,T;X) :(.[OT”f(t)”i’ d"‘)E ’

||f||C(0,T;X) :tz[%};]”f(t)”)(

and

respectively. L” (0, T;X) denotes the space of

measurable functions from (O,T) to X which

are essentially bounded; the space is Banach for
the norm

||u r(orx) [Z(lg’r;)essnf(t)nx ’

For fixed T >0, we also defined the space
W(O, T;V) as

VV(O,T;V)z{m:meLZ(O,EVj,m eLZ(O,T;V")} ,

which is a Hilbert space endowed with the
common inner product, see [38], the

corresponding norm being denoted ||(0||W(0 )’

2
”(p”W(o,T;V) - (”(/) 2(0,137) +||(ﬂ, LZ(O,T;V*)) )

For brevity we write I? (X) C(X) and W(V)
in place of LZ(O,T;X) , C(O,T;X) and
W(O,T;X).

Further, the extension

B eL(L(Q,),L*(V")) is defined by

* qﬂ ln
Bag=
1 {O, in

where 0=(0,7)xQ and O, =(0,T)xQ, .

operator

0, O,
O\ O,

The optimal control problem we intend to
investigate is minimizing

1 o
J(m,zv)zanm—z )+5||w

iz(Qo) (2'1)

2
(H
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subject to

m—em +3wm+i'm, =Bw@ in Q
ou du
- O,t = l,t N
200 =211
m(0,x)=my(x) in Q

j=0,1,2, (2.2)

Here C is the injection of W(V) into
)5 (H) , z is a desired state, o >0 is fixed,

m, (x)eH is given, and L’ (QO) denotes the

control variable. Clearly, our control target is to
match the given desired state z by adjusting the

body force @ in a control volume O, < Qin the

2
L -sense.

For a control @ € I (Q,) the state me W (V)

is given by the weak solution of the viscous
Novikov equation

{mt—smeruumerusz:B*w in LZ(V)(23)

m(O,x) =mo(x) in H

Now we present the definition of the weak
solution to Eq.(2.3) in the space W(V)

Definition 2.1 A function m(x,t)eW (V) is

called a weak solution to Eq. (2.3) ,if
(m-9),., +e(m.g), Huwm+im.g)  =(Bag), (24)

is valid for all gV and a.e. te[O,T] and

m, € H are valid.
The control problem then is

mjnJ(m,w) s.t. (m,w) is a weak solution

o (23) (2.5)

Let X=W(V)><L2(QO), Y=L2(V)><H, and
define an operator e=e(el,e2):X —7Y by

-1 *
e = (—A) (m, —em_ +uum+u’m, —B w)
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and
e, = m(x,O)—m0 (x) ,

where A:V — V" is the Laplace operator with
periodic boundary conditions. Then we rewrite

(2.5) in the following form

minJ (m,@) st e(m@)=0

(2.6)

3. EXISTENCE OF A UNIQUE WEAK
SOLUTION TO (2.3)

The following theorem ensures the existence of a
unique weak solution to Eq. (2.3)

Theorem 3.1 Let 7' >0 be fixed, m, (x)eH
and B'w e I (V*), then there exists a unique
local weak solution m(x,t)eC(H)ﬂW(V)
to Eq. (2.3) in the sense of Definition 2.1.

Moreover, there exists a constant C >0, which
depends on &, @ and m,, such that

il <Cl1slml, el #ledg, +lof ) (3-1)

Proof. As in the proof for the unsteady Navier-
Stokes equations in [39] we derive that there

exists a unique W(V) satisfying (2.3) in the
weak sense. Thus, we have to prove the
estimate(3.l)

Multiplying the first equation in(3.2) by 2m and

integrating over (2, we obtain that

(32)

Young's

d .
Al + 22l =2(8°@m),

Applying Holder's inequality and
inequality for products, we obtain

Ve,

‘Z(B*w,m) \ <2|B'a|,. |m],

21
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4
<L

* 2 2
HB ZUH . +£||m||
£ v v

(33)
Then we derive from (3.2) -(3.3) that

Sl <ol < Ea] (34

Integrating it over[O,t), we have

4
(o), <lmlr, <1,

<l += [ |Bo (o) ds

B*W(S)Hi

40 .
i

(3.5)

2
)’
which implies that

4y .
(o), <l + 257

;(V*). (3.6)

Meanwhile, it follows from (3.4) that

Il = I, [ (O

TN L0

(3.7)

2 1 2
@ 2(r) +;||m0||H :

2

2
[lly =l =

-

u—u. .,u—u

xx )H

H xx
=[ully +2[owc [l + [l
=[ull, +2fel; + o, (38)
and
u, 21 =|lu, j{+ u, j{ (3.9)

we obtain that



el < el <l

el < el <[l (3.10)

H' < ||m||H < ”m”C(H)

Using Holder's inequality, Poincaré’s inequality
and the Sobolev embedding theorem, we deduce

from the first equation in (3.2) that

2(’/*)

= sup II em_@—uu mp—u'mp— Bw¢)dxdt

el

J. J. ( @——u m ¢+;u me_+B zmp)dxdt

= sup
el

<Supj(

lel 2

2l ], Jol
2 e H H

1Pl
o), |8, lol, Ja

(el ol + el ol Dol (3-11)

+_||M r

< )

+ll} ), o, +(B],. ), )

(el N, o b, I, + [, o, o
< (8 +2 ”m”C(H) ||””||L2<V> LZ(V"))

where we used the fact that ”u ” <||m||

in (3.10).

<sw )

c(H)

It then follows from (3.6) ,(3.7) and (3.1 1) that

2 2
”mnw(l/) ()
s 2
U (CXT )nmn o)

;(V) + (g +2 ||m||C(H) ) |

+2(8+2||m||c<ﬂ>)"’"”m |7l

. ||w

(0,)
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< ”m”;(r/) +2 (‘92 + 4||m||i“(H))||m||i2(V)

(0o
2
+8( 2 ) " ()
+2 (||"1||2c(H) i ) )”w”;%) (3-12)
o e

+(e+1
5 2 16, 2
<(re2( e stk +2gal Jolol. |
4 1
(e, +—||mo||i,j+<
(o)
el gl + 2ol |

2
<C(1+||m0|| +||mo|| +||w||L2 (@) +||w||i2(go))

which gives the claim (3.1) .

+ 2@ 5, Il

4, EXISTENCE OF OPTIMAL

SOLUTION TO (2.6)

AN

In this section, we prove the existence of an
optimal solution to the control problem (2.6)
based on Lions' theory (see [40]).

Theorem 4.1 There exists an optimal control

solution (m*,w*) to the problem(2.6) .

Proof. Let (m,w)eX satisfying the equation
e(m,w)ZO According to the cost of tracking

type in (2.1) we have

J(m.@) IIWIILz @)

From (3.1) we conclude that ||m||W(V)—>oo

yields ||07||L2(Q0) —> 00, Then
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J(m@)—>+0, as ||(mw)||X — o0 (4.1)

The norm is weakly lower semi-continuous [41],
so J is weakly lower semi-continuous. Since

J(m,@)=0, for all (m,@)e X holds, there
exists kK >0 defined by

Kzinf{J(m,w)|(m,w)eX,e(m,w)=0} ,

which implies the existence of a minimizing

in X such that

sequence {(m”,w” )}
neN

KzlimJ(m”,zU") , e(m",w")=0 , VneN.

n—0
Then it follows from (4.1) that there exists an
element (m*,w*)e X such that when n — o,
m' > m" in W(V) weakly , (4.2)

and

o' >a' in [’(Q,) weakly.

(4.3)

(4.2) implies that

f, (mr

n—w, Vpe}(V

(t)-m; (t),¢)y*qydt —0,as
) (a9

and

IOT(m”—m*,¢)th—>0, as n—> o,

Vel (V). (4.5)

Thanks to the facts that W(V) is compactly
embedded into [ (L°°) [39], we conclude that
m" — m" strongly in I (L“’). Since m" — m"
weakly in W (V), Hm”HW(V) is bounded [42]. As
W(V) is compactly embedded into C(H)

[38], we then derive Hm”HC(H) is bounded.

23
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We have

IOT _[Q (u"uzm" —u'u.m’ ) pdxdt

:% [l jg([(u" )21 " —[(u*)zl m*jqﬁdxdt
< %LT J.Q [(u” )2 l (m” - m*)¢dx dt
(4.6)
+%I0T IQ[(L{”)Z —(u* )21 m’ pdx|dt

where m" =u" —(u”) and m" =u" —(u*)
XX

XX

First we observe that Young's inequality for
convolutions yields

o

fo+fo )

‘Gx *(m” - m*)

)

(4.8)

Lx—‘

< "—m L|\m"-m"

- G" o m HL”“ =|m m HL’“'
cosh(x—14

where Gz# and * denotes the
2sinh($)

convolution.

For the part [ in (4.6), it follows from Hélder's
inequality that



(u" )zl (m" -m’ )¢dx dt

< OT Qu”u;’(m"—m*)gzﬁdx‘dt

r n n * n
<Cl bl =], ], 1ol

T n 2 n *
<CJ, 'l e =] g, <

—0 ,as n—> o, V¢eL2(V),

bl <, bl

[, <kl <l qu asin (3.10).

For the part 7 in (4.6) , we have

I =) | gasa
@Y b,
< Cl g Jy b+ |
e ] de =)
oo (WL +l L+l +1], )

o e

o (e e M
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L O S O e o
-0 ,asn—>w, V¢eL2(V) ,
where we have used (4.7) and (4.8).

Then it follows from (4.6),(4.9) and (4.10)
that

T
I I (u”u;m” —u*u;m*)¢sxdt
0JQ

—0, as n—> o, V¢€L2(V) (4.11)

We also have

[/ j [ ' ]¢dxdt

o u mx—mx)¢dx dt

+jj[ ~(w") quﬁdx

:IH+IV.

(4.12)

For the part /Il and IV in (4.12), we use
Holder’s inequality to find

I = J.‘J. m —m, ¢dx dt

< IOT jﬂ(m" —m*)[2u”u$¢+(u”)2 ¢x}dx

T *
S

dt

u}’l

[ u)’f¢dx‘dt

L’ L’

Qu"@dx‘ dt
<2l =l el bl ol e (413)
+f b=, e ol

sclilp=mlJol, Il ol a
e L e e

()
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—0, as n—> o, V¢eL2(V),

and

IV = J;)T IQ[(u”)Z —(u*)z}mmdx dt

< [y Y| o
sy =y ), del e
SC”m*“C(H) _[()T W +u p u’ —u*“ﬁ ||¢||V dr (4.14)
<l [, e, o =]Vl
S N
< 7 ol =]

—0, as n—ow, Vgel'(V).

Then we derive that

IoT IQ [(” )2 m! —(u’ )2 mjﬁ}qﬁdxdt

—0,asn—>w, Vge (V). (4.15)
We infer from (4.3) that
[[].(B@"-Ba" )i
—0,as n—>w , Voe’(V) (4.16)

Thus from (4.4), (4.5), (4.11) and (4.15),
we conclude that ¢, (m*,w*)z 0 in L2(V) .

From m" eW(V) we derive that m*(O)eH.
Since m" — m" weakly in W(V) we have

m"(O)—)m*(O) weakly in H as n —> o0, that
is

Zhou et al.; ACRI, 1(1): 17-27, 2014, Article no.ACRI.2014.002
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(m”(O)—)m*(O),w)H—>0 , a n—w
YyeH,

which implies that e, (m*,w*)zo in H . Thus

we obtain that e(m*,w*)z Oin Y.

Therefore, we have shown that (m*,w*) eYis

an optimal solution to the control problem(2.6).
This completes the proof of the theorem.

5. CONCLUSION

In this work we investigate an optimal control
problem for the viscous modified Novikov
equation. The existence and uniqueness of a
local regular solution to this equation is obtained
and the existence of an optimal solution to the
control problem is proved.

6. FUTURE RESEARCH WORK

This work is the base of the first-order necessary
optimality condition, the second-order sufficient
optimality condition and the numerical test.
These issues would be worked on in the near
future.
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