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ABSTRACT

In this paper, we present some methods of constructing new groups from given ones. We first

examined the direct product ]_[Gl. of the finite groups G; for n>2 and then observed that
i=1

111G, |=|G, |G, |...| G, |- We also established the fact that for any prime number p > 2 and any
i=1

positive integer Kk, |U(pk)| = |U(2pk)| where U(n) is the set of all integers less than n and relatively
prime to n, and finally conclude on symmetries by constructing groups and their respective
subgroups, characteristics and the unique factorization of the elements.
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1. INTRODUCTION

In mathematics, one can often define a direct
product of objects already known, giving a new
one. This generalizes the Cartesian product of
the underlying sets, together with a suitably
defined structure on the product set. More
abstractly, one talks about the product in
category theory, which formalizes these notions.
Examples are the product of sets, groups,
product of rings and of other algebraic structures.
We limit ourselves to product in groups.

In group theory, direct product is an operation
that takes two groups K and H and constructs a
new group, usually denoted K ® H. This
operation is the group-theoretic analogue of the
Cartesian product of sets and is one of several
important notions of direct product in
mathematics.

In the context of Abelian groups, the direct
product is sometimes referred to as the direct
sum, and is denoted K @ H [1]. Direct sums play
an important role in the classification of Abelian
groups: according to the fundamental theorem of
finite Abelian groups, every finite Abelian group
can be expressed as the direct sum of cyclic
groups.

Now, it is known that the first class of groups to
undergo a systematic study is permutation
groups [2]. Given any set X and a collection G of
all bijection of X onto itself (also known as
permutations) that is closed under compositions
and inverses, G is a group acting on X. If X
consists of n elements and G consists of all
permutations, then G is the symmetric group S,

generally, referred by [3], as subgroup of the
symmetric group of X.

Permutation groups and matrix groups are
special cases of transformation groups; groups
that act on a certain space X preserving its
inherent structure. In the case of permutation
groups, X is a set. An early construction due to
Cayley, exhibited any finite group as a
permutation group, acting on itself (X = G) [4].
The concept of transformation group is closely
related to the concept of symmetric group.
Transformation groups frequently consist of all
transformations that preserve a certain
structure [5].

In view of this, group theory can be addressed as
the way in which certain collections of
mathematical “objects” are related to each other

[6]. For example, the set Z of integers constitute
a group because under certain conditions
(particularly, addition), the relationships between
the integers obey the rules of group theory.
Group theory is also the mathematical
application of symmetry to an object to obtain
knowledge of its physical properties [7]. Hence,
the concept of symmetries is an important tool for
constructing finite groups in algebra [8].

2. CARTESIAN PRODUCT

The Cartesian product of sets Sy, S, ..., S, is the
set of all ordered n-tuples (x4, X2, ..., Xn), Where
xieS; [3]. The Cartesian product is usually
denoted by either

S, ®S,®..08, orby [1S,.
i=1

Now, let the binary operations on the groups Gy,
G, ..., G, be multiplication. Regarding the G;

assets, we can form the Cartesian product [] G,
i=1

of the groups Gy, G, ..., G,. It is also easy to

make ]_[Gi into a group by means of a binary
i=1

operation of multiplication by components.
Consider the following theorems:

Theorem 1: Let G4, G,, ..., G, be groups. For

(X1, X2, +..y Xa) @Nd (¥4, Y2, ..., o) in [1G,, define
i=1
(X1, X2y «ny Xn)(,V1i y21 LRRE} Yn) = (X1 .y1’ X2 ,V2, <oy Xp
¥n)- Then HG,- is a group called the External
i=1

Direct Product of the groups G4, G, ..
this binary operation [9].

., G, under

Proof: Now, since each G;is a group fori=1, 2,
..., h and x,y;eG,; for all i, then xy;e G;. Thus the

definition of the binary operation on HGi given

i=1

in the statement of the theorem is well defined,

i.e. the binary operation is closed on [ G,.
i=1

The associativity law in [IG, is thrown back
i=1

onto the associativity law in each component as

follows:
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(X1, X2, <oy X)(V1, Yoo -ens Vo) (Z4s Z2s -, Z0)]

If e is the identity element in G; for all i, then
clearly, with multiplication by components, (e,

€y, ..., €n) is the identity in HG,-. The inverse of
i=1

. -1 -1 -1
(X1, X2, ..y Xn) is (X, X, ,..., X, ), for

(xfl,xz’l,...,x’l)z

n

(x1, X2, Xn)

(e x; x5 e x,x ) =

>""n""n

(e1, €2 ..., €n).

Hence [1 G, is a group as required.

i=1
We also note that if the group G; has r; elements

for i = 1, 2, ..., n, then [IG, has rir...r,

i=1
elements, for in an n-tuple, there are r; choices
for the first component from Gj, and for each of

these there are r, choices for the next
component from G, e.t.c.

Remark:

We noticed that for the groups G;, G, ..., G, with

orders ry, I, ..., Iy respectively, we have |G ® G,
® ... ® G| = |G| |Gy ... |G| = ryra...r, where the
product Gy ® G, ® ... ® G, is a new group which
may or may not be isomorphic to the group
Gr1r2..m- This will be our specific objective for this
article.

We shall now make a conjecture on the direct
product of two finite cyclic groups of relatively
prime orders.

Consider the groups Z/pZ and Z/qZ. Let p and q
be relatively prime positive integers. For any
integer a, denote the residue class of a (mod p)
by a, and the residue class of a (mod q) by a*.
Obviously, @ €Zp and a*<Zq. Consider the
function ¢Z—>Zp®Zq. Then ¢ is a
homomorphism for

(a+b)=(a+b,(a+b)*)=(@+b,a*+b*)
=(a,a*)+(b,b*)=agp+bg

for all a,beZ. Again, Z/Ker ¢ = Img. Now acKerg
if and only if a =0 and a* = 0* that is, if and

(X1, X2, <oy X0)(V12Z4y YoZou -.vy YZn)
(X1(y121), X2(¥222), .-, Xn(VnZn))
((X1y1)21, (X2Y2)Z2, ..., (XnYn)Zn)

((x1y1), (x2¥2), -, (XY ))(Z1, 22, ..., Zn)
[(x1, X2, .oy Xa) (V15 V2o -5 Yo)(Z4, 22, -

» Zn)-

only if pla and gla. Since p and q are relatively
prime, the latter condition is equivalent to pqja.
Hence the kernel Kerg = pgZ and Z/pqZ = Im¢,
where the image Im¢ is a subgroup of Z/pZ ®
Z/qZ. Finally, from

pq = |ZIpgZ| = |Img| < |ZIpZ ® Z/qZ| = |ZIpZ|
1ZIqZ| = pq

We conclude that |Im¢| = pg and hence, Im¢ =
ZIpZ ® Z/qZ which shows that ¢ is onto and
ZIpqZ = ZIpZ ® Z/qZ.

Hence, we have:

Theorem 2: The group Z,, ® Z, is isomorphic to
Znn ifand only if (m, n) = 1[9].

Proof: Consider the Cyclic subgroup of Z,, ® Z,
generated by (1, 1). The order of this cyclic
subgroup is the smallest positive integer j for
which (1, 1) = e, the identity element (0, 0) of Z,,
® Z,. Now, taking the power of (1, 1)
consecutively, the first component 1 € Z,, yields
zero only after m, 2m, ... times and the second
component 1 € Z, yields zero only after n, 2n, ...
times. For them to yield zero simultaneously, the
number of times must be a multiple of m and n
and the smallest number which is a multiple of
both m and n is mn if and only if the gcd of m and
nis 1. In this case (1, 1) generates a cyclic
subgroup of order mn which is the order of the
group Z,, ® Z, as required.

Example: Consider the group [-1, +1] ® Q"
where Q' is the set of all positive rational
numbers. The elements of the group [-1, +1] ®
Q" is the set of all ordered pairs (x, ) such that
xe[-1, +1] and ge Q. Define a mapping cQ\{0} —
[-1, +11® Q" by o(q) = (sgn g, |q]) where sgn|q| =
+1. Then ois a homomorphism for

(sgng1G2, 191G2]) = (sgngisgnqz,
(sgng+,1g92])(sgnqgz, 192|) = (910)(q20)

(g192)0
lg1llq2l)

for all g4, g2 Q\{0}. The kernel of cis

Ker 0= {qeQ\{0}: go= (1, 1)} = {geQ\{0} : sgn q
=1, lql =1}
={geQ{0}:qg>0,lql=1} = {1},
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that is, o is one-to-one. But any (x, q) € [-1, +1] Lemma 3: Let Gy, Gy, ..., G,, Hy, Ha, ..., H, be
® Q" is the image of x|g| € Q{0}, i.e. ois anonto  groups and assume that

homomorphism and hence, o is an isomorphism
so that Q\{O} ~ [_1, +1] ® Q+. G1 = H1, Gzz H2, . GnE Hn, then G1 ® GQ ®

. ®GpzH O H, ® ... ® H, [10].

The theorem 2 above can be extended to a
product of more than two groups by induction
argument. It is also true that two groups are
isomorphic if and only if they have the same EG®G®...0G, — H®H,®...®H, where

order. (g1, 92 ..., gn) = (g1§11 924:21 ] gné:n)

Proof: Let &:Gi—H; be an isomorphism for j = 1,
2, ..., n. Then the mapping

Is a homomorphism since

(81,825 8,)(&15 825 &1 )6 =(218158:85 5 8,8,)S
=((g,81)¢1.(8,82)¢5.---(g,8,)S,)
=(81618161-82:6:82625+8,6,845,)
=(816,8:855 8,6, 08161, 8287 8,6,)
=(81,8258,)5(81,85>8,)¢

forall (g,,2,,8,),(g1,855,2,)€EG, ®G, ®...Q G, . Also since

Keré={(g,,8,,-8,)€0G,®G, ®..0G, :(g,$,,8,5,,8,5,) =(LL...D}
={(g/,8,»8,)€G,®G6,®..8G6,:¢/ =1g,5,=1.,g,5, =1
={(g,,8,,-.8,)€G,®G,®..9G,:g,=Lg,=1..,g, =1}
={(L,1,...,1)} =1, &is one-to-one.

Again, &is onto, for given (hq, ho, ..., h)) e Hi ® H, ® ... ® H, we always have g, € Gy, g» € G, ..., gn
e G, with g1:& = hy, 9% = h,, ..., g.&, = h,. Hence, (hy, h,, ..., h,) is the image of (g, go, ..., gn) € Gy
® G, ® ... ® G, under & Thus, &is an isomorphism and

Gi®GE®..®G,z2zH®H,® ... ® H, as required.

The next theorem is telling us that given two groups H and K such that |H| = p and |K| = g where p
and g are prime numbers with p < g and q # 1 (mod p). Then the group formed by the product of H
and K, given by G = H® K of order pq is cyclic.

Theorem 4: Let p and q be prime numbers, where p < g and g = 1 (mod p). Then any group of order
pq is cyclic B

Proof: Let G be a group of order pq. Then by Sylows theorem, G contains Sylow subgroups N, and
N, of orders p and q respectively. But the number n, of Sylow p-subgroups divides pg and satisfies n,
=1 (mod p), by the second Sylow theorem. Clearly, n, cannot be divisible by p, and therefore either n,
=1orn,=q. But g =1 (mod p). It follows that n, = 1. Thus the group G has just one subgroup of
order p.

Now, given any element g of G, the subgroups N, and ngg'1 are of order p. It follows that ngg'1 =N,
for all elements g of G. Thus N, is a normal subgroup of G. Similarly, N, is a normal subgroup of G
since p < g and thus, p # 1 (mod q).
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Now, N,nN, is a subgroup of both N, and N,.
Therefore by Lagrange’s theorem, the order of
N,~N, divides both of the prime numbers p and
g, and thus [N,nNg| = 1 and N,nN, = {e}, the
identity element of G.

Again, let xeN, and yeN,. Then yx'1y'1eNp and
xyx" eN,, since N, and N, are normal subgroups
of the group G. But then xyx'1y'1eNpqu, since
xyx'y" = x(yx'y") = (xyx")y”, and hence xyx'y”
= e. Thus xy = yx for all xeN, and yeN,. It
therefore follows that the function ¢:N,®&N;—G
which sends (x, y) € N,®N; to xyeG is a
homomorphism. This homomorphism is injective
for if xy = e for some xeN, and yeN,, then x =y
!, and hence xeNpnNg, from which it follows that
x = e and y = e. But any injective homomorphism
between two finite groups of the same order is
necessarily an isomorphism. Thus the function
O:N,®N,~G is an  isomorphism, i.e.
G=N,®N,.

Finally, any finite group of prime order is cyclic.
Therefore the groups N, and N, are cyclic. Now

let xeN, generates N, and let yeN, generates
Ng. Then (x, )" = (X", y") for all integers n. It then
follows that the order of (x, y) cannot be 1, p or q,
and must therefore be equal to pq. Hence N, ®
N, is a cyclic group generated by (x, y) and thus
G is a cyclic group generated by xy, as required.

3. MAIN RESULTS
3.1 Construction by Product

We start this section by constructing groups in
favor of theorem 2, with any positive integers m
and n such that (m, n) = 1 by the use of the
programming language GAP (Group Application
Package).

Now, since U(n) is defined as the set of all
positive integers less than n and relatively prime
to n, Then U(n) is a group under multiplication
modulo n. Now, we shall begin using the GAP,
by making a conjecture about the size of the
group U(pq) in terms of the groups U(p) and U(q)
where p and q are relatively prime numbers
greater than 2.

Let p =11 and g = 13, then we obtained U(11), U(13) and U(143) using GAP as follows:

gap> ulist(11l);

[ z@Q1DDA0, z(11), z(@A1)A8, z(11)A2, z(A1)A4, z(11)A9, z(11)A7, z(11)A3,
Z(11)A6, Z(11)AS5 ]
gap> Size(ulist(1ll));
10
gap> ulist(13);
[ z(13)A0, z(13), z(13)A4, z(13)A2, z(13)A9, z(13)A5, z(13)A1ll, z(13)A3,
Z(13)A8, z(13)A10, z(13)A7, z(13)A6 1]
%gp> Size(ulist(13));
gap> Size(ulist(1ll))*Size(ulist(13));
120
gap> ulist(143);
[ zmodnzobj( 1, 143 ), zmodnzobj( 2, 143 ), zmodnzobj( 3, 143 ),
zmodnzobj( 4, 143 ), zmodnzobj( 5, 143 ),

zZmodnzobj( 6, 143 ), zmodnzobj( 7, 143 ), zmodnzobj( 8, 143 ),
zZmodnzobj( 9, 143 ), zZmodnzobj( 10, 143 ),

zZmodnzobj( 12, 143 ), zmodnzobj( 14, 143 ), 2zmodnzobj( 15, 143 ),
zZmodnzobj( 16, 143 ), zmodnzobj( 17, 143 ),

zmodnzobj( 18, 143 ), zmodnzobj( 19, 143 ), zmodnzobj( 20, 143 ),
zZmodnzobj( 21, 143 ), zmodnzobj( 23, 143 ),

zZmodnzobj( 24, 143 ), zmodnzObj( 25, 143 ), 2zmodnzobj( 27, 143 ),
zZmodnzobj( 28, 143 ), zmodnzobj( 29, 143 ),

zmodnzobj( 30, 143 ), zmodnzobj( 31, 143 ), zmodnzobj( 32, 143 ),
zmodnzobj( 34, 143 ), zmodnzobj( 35, 143 ),

zZmodnzobj( 36, 143 ), zmodnzobj( 37, 143 ), 2zmodnzobj( 38, 143 ),
zZmodnzobj( 40, 143 ), zmodnzobj( 41, 143 ),

zmodnzobj( 42, 143 ), zmodnzobj( 43, 143 ), zmodnzobj( 45, 143 ),
zZmodnzobj( 46, 143 ), zmodnzobj( 47, 143 ),

zZmodnzobj( 48, 143 ), zmodnzObj( 49, 143 ), 2zmodnzobj( 50, 143 ),
zZmodnzobj( 51, 143 ), zmodnzobj( 53, 143 ),

zmodnzobj( 54, 143 ), zmodnzobj( 56, 143 ), zmodnzobj( 57, 143 ),

zZmodnzobj( 58, 143 ), zmodnzobj( 59, 143 ),



Samaila and Pur; JSRR, 11(1): 1-10, 2016; Article no.JSRR.26080

zZmodnzobj( 60, 143 ), zmodnzobj( 61, 143 ), zmodnzobj( 62, 143 ),
zmodnzobj( 63, 143 ), zmodnzobj( 64, 143 ),
zmodnzobj( 67, 143 ), zmodnzobj( 68, 143 ), zmodnzobj( 69, 143 ),
zZmodnzobj( 70, 143 ), zmodnzobj( 71, 143 ),
zZmodnzobj( 72, 143 ), zmodnzObj( 73, 143 ), zmodnzobj( 74, 143 ),
zZmodnzobj( 75, 143 ), zmodnzobj( 76, 143 ),
zmodnzobj( 79, 143 ), zmodnzobj( 80, 143 ), zmodnzobj( 81, 143 ),
zZmodnzobj( 82, 143 ), zmodnzobj( 83, 143 ),
zZmodnzobj( 84, 143 ), zmodnzobj( 85, 143 ), zmodnzobj( 86, 143 ),
zZmodnzobj( 87, 143 ), zmodnzobj( 89, 143 ),
zmodnzobj( 90, 143 ), zmodnzobj( 92, 143 ), zmodnzobj( 93, 143 ),
zmodnzobj( 94, 143 ), zmodnzobj( 95, 143 ),
zZmodnzobj( 96, 143 ), zmodnzobj( 97, 143 ), zmodnzobj( 98, 143 ),
zZmodnzobj( 100, 143 ), zmodnzobj( 101, 143 ),
zZmodnzobj( 102, 143 ), zmodnzobj( 103, 143 ), zmodnzobj( 105, 143 ),
zZmodnzobj( 106, 143 ), zmodnzobj( 107, 143 ),
zZmodnzobj( 108, 143 ), zmodnzobj( 109, 143 ), zmodnzobj( 111, 143 ),
zZmodnzobj( 112, 143 ), Zmodnzobj( 113, 143 ),
Zmodnzobj ( 114 ), zZmodnzObj( 115, 143 ), zmodnzobj( 116, 143 ),
Zmodnzobj( 118, 143 ), zZzmodnzobj ( 119, 143 ),
Zmodnzobj ( 120 143 ), zmodnzobj( 122, 143 ), zmodnzobj( 123, 143 ),
zmodnzobj ( 124, 143 ), zZmodnzobj( 125, 143 ),
zZmodnzobj( 126, 1§3 ), zZmodnzobj( 127, 143 ), zmodnzobj( 128, 143 ),
4
)
4

.b
w

zZmodnzobj( 129, 143 ), zmodnzobj( 131, 143 ),

zZmodnzobj( 133, 143 ), zmodnzobj( 134, 143 ), zmodnzobj( 135, 143 ),
zmodnzobj( 136, 143 ), zmodnzobj( 137, 143 ),

zZmodnzobj( 138, 143 ), zmodnzobj( 139, 143 ), zmodnzobj( 140, 143 ),
zmodnzobj( 141, 143 ), zmodnzobj( 142, 143 ) ]
gap> Size(ulist(143));
120

gap> (Size(ulist(143)))=(size(ulist(11))*size(ulist(13)));
true
gap> quit;

From the above conjecture, we have seen that the order |U(11)|-|U(13)| = |U(143)] = 120. Hence,
U ®U(13)=U(143), where U(143) is the new group obtained from the product of U(11) and
U(13). The output ZmodnZObj( 5, 143 ) for example, means the element 5 mod 143.

We can also generates different subgroups for each group, for example in U(143), the cyclic subgroup
generated by zmodnzobj( 5, 143 )is

gap> cyclic(143, 5);
[ zmodnzobj( 5, 143 ), zmodnzobj( 25, 143 ), zmodnzobj( 125, 143 ),
zmodnzobj( 53, 143 ), zmodnzobj( 122, 143 ),

zmodnzobj( 38, 143 ), zmodnzobj( 47, 143 ), zmodnzobj( 92, 143 ),
zmodnzobj( 31, 143 ), zmodnzobj( 12, 143 ),

zmodnzobj( 60, 143 ), zmodnzobj( 14, 143 ), zmodnzobj( 70, 143 ),
zmodnzobj( 64, 143 ), zmodnzobj( 34, 143 ),

zZmodnzobj( 27, 143 ), zmodnzobj( 135, 143 ), zmodnzobj( 103, 143 ),
zZmodnzobj( 86, 143 ), zmodnzobj( 1, 143 ) ]
g8p> Size(cyclic(143, 5));

Taking different values for n, p and g as defined above, gives more group structures and their
respective subgroups.

The next conjecture is about the relationship between the size of the groups U(pk) and U(2pk) where p
is a prime number greater than 2, and k is any positive integer. Now let p =3 and k = 2.

ap> ulist(9);

% zmodnzobj( 1, 9 ), zmodnzobj( 2, 9 ), zmodnzobj( 4, 9 ), zmodnzobj( 5, 9
), zZmodnzobj( 7, 9 ), zmodnzobj( 8, ) ]

gap> Size(ulist(9));
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6

ap> ulist(18);

% zZzmodnzobj( 1, 18 ), zmodnzobj( 5,

11, 18 ), zmodnzobj( 13, 18 ),
zZmodnzobj( 17, 18 ) ]

gap> Size(ulist(18));

gap> Size(ulist(9))=Size(ulist(18));
true

18 ),

zmodnzobj( 7, 18 ), zmodnzobj(

The above result shows that the order |U(p%)| = |U(2p%)|. We therefore conclude that the two groups
are isomorphic to each order. This is true for all prime numbers p>2. For p = 2, |U(2pk)| = 2|U(pk)|.

Again, consider the direct product of the cyclic subgroup Cg of Sg with the Symmetric group S,. If we
denote the direct product by D, then D = C3 ® S, as presented below.

gap> C8:= CyclicGroup(IsPermGroup, 8);

Group([ (1,2,3,4,5,6,7,8) 1)
gap> Size(C8);
8

gap> S4:= SymmetricGroup(4);
symC [1..41)

%ap> Size(s4);

4

gap> D:= DirectProduct(cC8, S4);

Group([ (1,2,3,4,5,6,7,8), (9,10,11,12), (9,100 D
ap> orderFrequency(D);
% (1,11, 02,191, 3,81, [4,441]1,[6,81, [8, 641, [ 12, 16

1, [ 24, 3271
gap> Size(D);
192
gap>
true
gap>
true
ap>
alse
gap> quit;

(size(c8)*size(s4))=Size(D);
IsNormal(D, C8);

IsNormal (D, S4);

From the above result, the constructed group D
is isomorphic to the direct product Cg ® S, of the
groups Cg and S;. The subgroup Cg of D is
normal in D while the subgroup S, is not normal
in D. The output orderFrequency(D) means the
group D has one element of order 1, nineteen
elements of order 2, eight elements of order 3,
fourty four elements of order 4, eight elements of
order 6, sixty four elements of order 8, sixteen
elements of order 12 and thirty two elements of
order 24.

gap> S:= SymmetricGroup(8);

symC [ 1 ..81)

gap> r:= (1, 2, 3, 4)(5, 6, 7, 8);;
gap> H:= Subgroup(s, [r]);

Group([ (1,2,3,4)(5,6,7,8) D)
ap> Elements(H);

L0, (1,2,3,4(,6,7,8,
gap> s:= (1, 5, 8, 4)(2, 6, 7, 3);;
gap> R:= Subgroup(s, [s]);

Group([ (1,5,8,4)(2,6,7,3) D

gap> Elements(R);

3.2 Construction by Symmetries

In this section, we formulate some groups based
on the movements of the edges of a cube, take
Rubik’s cube as an example and label the eight
vertices with numbers 1 to 8. We shall use G* to
denote the group of the rotational symmetries of
the cube (of order 8) which is a subgroup of the
symmetric group Ss. Note that each rotation is
90°, (e.g.r = (1, 2, 3, 4)(5, 6, 7, 8) is a rotation
through 90°) see [11].

(1,3)(2,4)(5,7>(6,8), (1,4,3,2)(5,8,7,6) ]
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[ O, (1,4,8,5@,3,7,6), (1,5,8,4)(2,6,7,3), (1,8)(2,7)(3,6)(4,5) ]
gap> t:= (1, 2,6, 5)(3,.7, 8, 4);;

gap> K:= Subgroup(s, [t]);

Group([ (1,2,6,5)(3,7,8,4) 1)

gap> Elements(K);

[ O, (1,2,6,5(,7,8,4), (1,5,6,2)(3,4,8,7), (1,6)(2,5)(3,8)(4,7) ]
gap> Size(H); Size(R); Size(K);

2

4
4
ap> H=R; H=K; R =K;
alse
false
false
gap> L:= Subgroup(s, [r, t1);
Group([ (1,2,3,4)(,6,7,8), (1,2,6,5)(3,7,8,4) 1D
gap> E1ements(L),
Q, (2,4,5)(3 8, 6), (2 4)(3,6,8), (1,2)(@3,5)(4,6)(7,8),
a,2,3, 4)(5,6,7,8), (1,2,6,5)@, 7 4), (1,3,6)(4,7,5),
(1,3) 2,4)(5,7)(6,8), 3,8)(2, 7 5) (1,4,3,2)(,8,7,6),
(1,4,8,5)(2,3,7,6), (1,4)(2, 8)(3 5)(6,7),
(1,5,6,2)(3,4,8,7), a, 4)(2,6,7,3), (1,5)(2,8)@3,7)(4,6),
(1,6,3)(4,5,7), (1,6)(2,5)(3, 8)(4 7, (1,6,8)(2,7,4),
1,7)(2,3)(4,6)(5,8), (1 )(2 6)(3,5)(4,8), 1,7>2,8@3,4)(5,6),
(1’8’6)(2!4’7)’ (1’8!3)(2!5!7)!
(1,8)(2,7)@3,6)(4,5) 1]
gap> Size(L);

%ap> IsCyclic(L);

alse
gap> u:= (1,2,4,5,8,6,7,3);;

gap> v:= (2,4,6,8);;

gap> M:= Subgroup(s, [u, v]);
GrOUp([ (1’214!55856’7’3)1 (2’41618) ])
gap> Size(M);

40320

gap> IsCyclic(M);

false

gap> IsNormal(s, M);

true

gap> S = M;

true

gap> Factorization(m, (1,8,3,6,4,5,2,7));
X2A-1%X1A2%x2A2

gap> Factorization(™m, (1,6,4,5,3,2,7,8));
X2A2*XIA-1*X2A2*X1A2*Xx2A-1%x1

gap> Factorization(M, ((1,3,5,7)(2,4,6,8)));
X2A2%XIA-1% (x2A-1*x1A2)A2*x1

gap> Factorization(™M, ((1,8)(2,7,4)(3,6,5)));
XLIFX2A-1*XIA-2%X2%X1*X2*X1A-2

gap> Factorization(™m, ((1,4,2)(3,5,6,8,7)));
XIA=1#*X2A-1% (XIA2*X2) A2*XIA-1*Xx2*X1A2

gap> Factorization(M, (3,8));
X2*XIA-1%(X2*X1)A2*x2A-1*x1A4

gap> quit;

It is clear that every rotation of the cube is in the subgroup L. Thus G* = L and hence, G* = L. Also
from the output, the subgroups H, R and K of G* are distinct proper subgroups of G*. Again, the
output Factorization(M, (1,8,3,6,4,5,2,7)) = x2A-1*x1A2*x2A2 from GAP tells us
that (1,8,3,6,4,5,2,7) = (2,4,6,8)t * (1,2,4,5,8,6,7,3)2 * (2,4,6,8)2 where x1
and x2 are the first and the second generators of the group M respectively, where M = S.
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Next, we define a function f from a group G to itself, where G is a cyclic subgroup of the permutation

group Sg as follows:

gap> G:= CyclicGroup(IsPermGroup, 8);

Group([ (1,2,3,4,5,6,7,8) 1)
gap> Elements(G);

[ ()l (1’2l3l4!5,6,7’8)’
(1,5)(2,6)(3,7)(4,8),
(1’8’7’6!5’4!3’2) ]

gap> r:= G.1;
(1,2,3,4,5,6,7,8)

gap> f:= x -> xA5;

function( x ) ... end

gap> N:= Subgroup(G, [f(r)]);
Group([ (1,6,3,8,5,2,7,4) 1
gap> Elements(N);

[ ()! (1!2’3!4’5’6’7’8)!
(1,5)(2,6)(3,7)(4,8),
(158,7l6l5l4!3’2) ]

gap> Size(N);

8

gap> Size(G) = Size(N);
true

gap> N = G;

true

gap> f:= x -> xA4;

function( x ) . end

gap> M:= Subgroup(G, [f(r)]);
Group(())

gap> Elements(M);

[ O]

gap> Size(M);

1

gap> f:= x -> xA6;

function( x ) ... end

gap> K:= Subgroup(G, [f(r)]);
Group([ (1,7,5,3)(2,8,6,4) 1)

gap> Elements(K);

[ O, (1,3,5,7)(2,4,6,8),
gap> Size(K);

4

gap> Size(G)/size(K);

The subgroup N of G is the image of G under the
function f(x) = x°. The order of the subgroup N is
8, equal to the order of G and the output shows
that N = G. Hence the function f is an
automorphism [12]. But the images M and K of G
under the functions fix) = x* and fix) = x°
respectively, are proper subgroups of G, where
M is the trivial subgroup of G whose only element
is the identity element e, of G. The pre-image of
M under the function f(x) = x* gives the kernel of
the function.

The index [G : K] of the subgroup K in G is 2.
Hence, the subgroup N is normal in G, i.e.

N<«G.

(1’3’5’7)(2’4’6’8)’ (
(1!6!3’8’552!7!4)! (1

(1’3’5’7)(2’4’6’8)’ (
(1’6’3,8,5!2l7l4)l (1

(1,5)(2,6)(3,7)(4,8),

a,7,5,3)(2,8,6,4) ]

4. CONCLUSION

It is necessary to note that symmetries and
Cartesian product of groups play a major role in
the construction of new groups whether finite or
infinite. And that given any two finite groups G;
and G,, the order |G4]|Gy| = |G1®G,| and by
induction, for all i = 1, 2, ..., n,

(o

|G, |G, |...|G, |= We therefore
i=1

conclude that with the use of GAP (Group

Application Package), construction of new

groups from known ones is always possible.
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