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Abstract

This study investigates the continuous linear multistep techniques utilized for solving first-order initial value
problems in ordinary differential equations. Specifically, the study focuses on step k = 9, utilizing Hermite
polynomials as basis functions. This study effectively constructs the Adams-Bashforth, Adams-Moulton, and
optimal order methods by applying collocation and interpolation methodologies. The methods are thoroughly
examined using various numerical instances to demonstrate their efficacy and validity. Notably, the optimal
order method exhibits superior accuracy and efficiency compared to the traditional Adams-Bashforth and
Adams-Moulton methods. The research results contribute novel and improved methodologies for solving
initial value problems in differential equations, which have extensive applications across diverse
mathematical and scientific domains.
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1 Introduction

Linear multistep methods (LMMs) are widely used for modeling dynamic systems in various scientific and
engineering fields. However, they face challenges in determining an appropriate step size and addressing
stiffness. To overcome these challenges, researchers have developed adaptive step size control and combined
linear multistep methods with other numerical techniques.

To solve initial value problems (I\VVPs) of ordinary differential equations (ODES), several approaches have been
developed to derive linear multistep methods in discrete form. Continuous collocation and interpolation
techniques, such as block and hybrid methods, have gained popularity in deriving LMMs. However, the
accuracy of these methods can be limited.

Previous studies have been conducted to address the challenges of LMMs and improve their accuracy. For
instance, Alabi [1], Mohammed [2], Odekunle et al. [3], Adesanya et al. [4], and Anake [5] have all made
contributions in this area. Additionally, Olaiya et al. [6] proposed a new method for solving the Black-Scholes
Partial Differential Equation that showed better accuracy than existing methods. Aboiyar et al. [7] developed
continuous linear multistep methods for solving first-order I\VVPs of ODEs using Hermite polynomials as basis
functions.

Despite these efforts, there is still a gap in the literature regarding the development of continuous linear
multistep methods that can effectively address the challenges faced by traditional LMMs and improve their
accuracy. This research aims to fill this gap by deriving and evaluating a continuous linear multistep method
using Hermite polynomials of degree 8 as basis functions, extending the degree 4 scheme developed by Aboiyar
etal. [7].

The proposed method aims to increase accuracy and address ambiguity in solving ambiguous IVVPs using linear
multistep methods. The method's effectiveness and validity will be evaluated using numerical examples. The
research will also highlight the potential of Hermite polynomials as basis functions for improving the accuracy
of continuous linear multistep methods, leading to better solutions for dynamic systems in various scientific and
engineering fields.

To achieve this aim, this paper is organized as follows. Section 2 introduces the derivation of the linear

multistep methods, while Section 3 presents the numerical solutions and details of the investigation into first-
order differential equation problems. Finally, Section 4 summarizes the research's findings.

2 Derivation of the Linear Multistep Methods

The characteristic feature of one step methods is that they need, for computing y,,,, only the value from the
previous approximation of the solutiony, . Methods that use, for computing y, ., more than one of the previous
approximations yy, yi_1, -.- are called multi-step methods.

2.1 Definition: g-step method, linear g-step method.

A g-step method with g > 1 is a numerical method for approximately solving

y' = fl,y(x),y(x) = Yo, (2.1)

where y,,; depends on yj.,,_q butnoton y; withi <k +1—gq.

A g-step method is called linear if it has the form
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q-1 q-1
Vers = ) @Yy +h ) bif (e, Vi) + hboaf Gesn, Ver) k= 4.q + 1, . (22)
j=0 j=0
withq = 1,ay, ...,ag-1,b_1, .....,bq_1 € R,a,_; # 0 and b,_; # 0. For g = 1, the method is called a one-step

method. If b_; # 0, then the linear gq-step method is implicit, otherwise it is an explicit method. Some
continuous LMM of the type in (2.2) was developed using a collocation function of the form:

y(x) = Yo a;x’ (2.3)
Awoyemi et al. [8] proposed a similar function of the type in (2.3)
y(x) = ?:0 a;(x — ) (2.4)

to develop LMM for the solution of third-order IVPs. Adeniyi and Alabi [9] used the Chebyshev polynomial
function of the form:

y() = STy () (25)

where T; (x) are some Chebyshev functions to develop continuous LMM.

In this research, we will apply the Probabilists’ Hermite polynomial of the form [10], introduced by Aboiyar et
al. [7]:

y(x) =Xk a; Hi(x — x) (2.6)

where H;(x) are probabilists’ Hermite polynomials generated by the formula:

2

X~ n _x~ n
H,(x) = (—1)"6(2):76( ) =(x-2) 2.7)
and whose recursive relation is
Hypyq(x) = xHp (x) — Hp (%) (2.8)

to develop continuous LMMs for the solution of first-order IVPs of ODEs of the form:

v =), y(x) = yo (2.9)

The first nine probabilists’ Hermite polynomials are

Hy =1,
H; = x,
H, = x?—1,
Hy = x3 — 3x,
H, = x*—6x%+3,
Hg = x> — 10x3 + 15z,
Hg = x®—15x* + 45x2 — 15,
H, = x7 — 21x° + 105x% — 105z,
Hg = x® —28x°% + 210x* — 420x2 + 105

We wish to approximate the exact solution y(x) to the IVP in (2.9) by a polynomial of degree n of the form:

y(x) = Xisoaj Hi(x — x;), X < X < Xpeqp (2.10)
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which satisfies
Y60 = f(x,y(0)), % < % < Xy } (211)

y () = Y
2.2 Derivation of Eight - step adams-bash forth method
To derive the eight-step Adams — Bashforth method using Hermite polynomials, we set n=8, in (2.10) yielding

y(x) = ap+ay(x — xp) + a,((x — )2 — 1) + ag((x — %)% = 3(x — xk)) + a,((x —x)* — 6(x —x)% +
3) + as((x —x)5 —10(x — %)% + 15(x — xk)) +ag((x — %)% — 150 — x,)* + 45(¢ — x)? — 15) +
a7((x —xp)7 —21(x — x,)% + 105(x — x4)% — 105(x — xk)) + ag((x — x,)8 — 28(x — x,)® + 210(x —
x)* —420(x — x,)? + 105); (2.12)

Differentiating (2.12) once gives:

y(x) = a; + 2a,(x — x;) + 3az[(x — x;)* — 1] + 4a,[(x — %)% = 3(x — x3)] + 5as[(x — x,)* —
6(x — x,)% + 3] + 6ag[(x —x,)° — 10(x — x,)% + 15(x — x3)] + 7a,[(x — x;)® — 15(x — x)* +
45(x — x)% — 15] + 8ag[(x — x;)7 — 21(x — x4)% + 105(x — x;)® — 105(x — x,)] (2.13)

Interpolating (2.12) at x = x;.,, gives

Y(Xiear) = Ao + 701 (Xesr = %) + 2 (49Ctiay — 1) — 1) + 705(49 (ar — %)% = 3(pear — X)) + 24 (2401 (g7 — X)* — 294 (X7 —
x)% 4 3) + as (16807 Cryr7 — x3)° — 3430 (xpp7 — x3)% + 105Cxps7 — X3)) + a6(117649 (xpy7 — x3)° — 36015 (xpp7 — x3)* +

2205 (47 — X5)? — 15) + a7(823543 Crsr — 1) 7 — 352947 (s — %) + 36015 (ps7 — %)% — 735(Xpepy — xi)) + ag (5764801 (xyy 7 —
x)® — 3294172 (Xpes 7 — X3)6 + 504210 (17 — 2)* — 20580 (Xpe47 — X3)% + 105) (2.14)

Collocating (2.13) at x = Xy, Xk 41> Xk+2) Xk +3> Xk +4» Xk+5) Xk 46, Xk +7, We have (2.15 — 2.22):
fi = a; —3a3 + 15as — 105a,; = y(x;) (2.15)

fierr = a1+ 2a; (Xprq — X)) + 3a3[ (1 — 20 = 1] + 4ay[(41 — %)% = 301 — x5)] +
5as[(Xps1 — %) * = 61 — x3)? + 3] + 6a6[ (K41 — X4)° — 10(xp11 — %)% + 15(Xp41 — X5)] +
7a;7[ (K41 — %)% = 150041 — X3 )* 4+ 45441 — 230 — 15] + 8ag[ (w41 — x)7 — 21(xp4q —
Xi)® + 105X 41 — X)* — 105(Xpers — X)) = ¥ (Kperr) (2.16)

fisz = a1+ 4a;(Kperz — %) + 3a3[4 (s — X1)% — 1] + 8a4[4 (k42 — x3)* — 3(Kperz — X1)] +
5a5[16(xpsz — xi)* — 24(Xpesz — x3)% + 3] + 12a6[16(Xpeyr — %3)° — 40(Xpesz — X3)° +
15(Xks2 = X)) + 707 [64(xper — %) — 240 (Xs2 — x3)* + 180 (x4, — x)* — 15] +

64 (X2 — )" — 33 _
16a = ¥ (ies2) 2.17
° 6(Xp4z — X3)° + 420(Xp 40 — %)% — 105(Xp 40 — Xi) Y X2 ( )

furs = a1 +6a;(xpss — %0 +3a3[9043 — x)% — 1] + 36a4[6(xk 13 — %) — (s — X)) +
15a5[27 (pas — X)* — 18(Xpers — X1)% + 1] + 5404 [27 gz — %) — 30 (Hper3 — 21)° +

5(xks3 — %] + a7[5103 (43 — %3)® — 8505 (X 43 — x4)* + 2835(xp45 — X)* — 105] +
ag[17496 (xy43 — x1)” — 40824 (xp 3 — %3)° + 22680 (X413 — %)% — 2520(Xp 43 — X,)] =

Y (Xk43) (2.18)

fira = @ +8a; (g — Xi) + 3a3[16(Xpers — x)* — 1] + a4 [256(xpera — xp) — 48 (X444 —
X)) + as[1280(xprq — X)* — 480 (Xpeys — x3)? + 15] + a6 [6144 (xperq — x30)° — 3840 (Xpe g —
x)3 + 360(x4s — x,)] + a;7[28672(x10 — x3)® — 26880 ()44 — x)* + 5040(x) 4 — x)% —
105] + ag[1.31072 X 105(xpys — %i)” — 1.72032 X 10° (rps — %i)° + 53760 Crps — %i)° —
3360(xk+4 — x)] = Y(Xk44) (2.19)

firs = a1 +10a,(Xy5 — %) + 305250015 — %)% — 1] + @4 [500(x 45 — x;)° — 60045 —
xk)]+a5[3125(xk+5 - xk)4 - 750(xk+5 - xk)2 + 15] + a6[18750(xk+5 - xk)s - 7500(xk+5 -
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.xk)3 + 450(xk+5 - xk)] + a7[109375 X 105(xk+5 - xk)6 - 65625(xk+5 - xk)4 + 7875(xk+5 -
x)?2 — 105] + ag[6.25000 X 105 (xy 45 — )7 — 5.25000 X 105 (%445 — x;)° + 1.05000 X
10° (X4s — X1)* — 4200(xpe45 — xi)] = Y(Xi4s) (2.20)

fure = a1 + 12,16 — %) + 30336 (xps6 — x1)% — 1] + a4[864 (X6 — 1) — 72(x 46 —
x)] + as[6480(x 46 — x3)* — 1080(xp 46 — X )2 + 15] + ag[46656 (X 46 — Xi)° — 12960 (x4 6 —
%)% + 54045 — x)] + a;[3.26592 X 105 (xp46 — x5)° — 1.36080 X 105(xp 6 — x;)* +

11340 (x5 — %)% — 105] + ag[2.239488 X 10°(xy 16 — ;)7 — 1.306368 X 10°(xy 10 — X;)° +
1.81440 X 105 (46 — Xx)° — 5040 (x416 — X)) = V(Xpes6) (2.21)

ferr = a1 + 140, (17 — %) + a3[147 (17 — %)% = 3] + aa[1372(xp 47 — 2,)° — 84(xpy7 —
x)] + as[12005(xg sy — x)* — 147047 — Xi)? + 15] + ag[1.00842 X 105 (x47 — x)° —
20580 (%47 — x)% + 63047 — X )] + a;[8.23543 X 10°(x47 — x;)® — 2.52105 X

105 (gpy — X)* + 15435 (s — x;)2 — 105] + ag[6.588344 X 106 (xs 7 — x;)7 — 2.823576 X
100 (%7 — x5)° + 2.88120 X 10°(xp 47 — x5)% — 5880(x417 — x1)] = V(Xp47) (2.22)

In matrix form, we have:

/1 7h (49h% —1) (343h3 —21h) (2401h* —294h? +3) (16807h° — 3430h3 + 105h) (117649h8 — 36015h* + 2205h% — 15)
0 1 0 -3 0 15 0
|o 1 2h (3h%—3) (4h® — 12h) (5h* — 30h2 +15) (6h5 — 60k + 90h) |
[o 1 4h (12h% - 3) (32h% — 24h) (80h* — 120k + 15) (192h5 — 480h? + 180h) |
i 0 1 6h (27h% = 3) (108h3 — 36h) (405h* — 270h? + 15) (1485h5 — 1620k + 270h) I +
[o 1 8h (48h% — 3) (256h% — 48h) (1280h* — 480h? + 15) (6144h5 — 3840h3 + 360h) i
0 1 10h (75h2 = 3) (500h3 — 60h) (3125h* — 7502 + 15) (18750h5 — 7500h° + 450h)
\0 1 12h (108h% - 3) (864h% — 72h) (6480h* — 1080h? + 15) (46656h° — 12960h? + 540h) )
0 1 14h (147h? - 3) (1372h3 — 84h) (12005h* — 1470h? + 15) (100842h5 — 20580h% + 630h)
(823543h7 — 352947h5 + 36015h3 — 735h)  (5764801h8 — 3294172h° + 504210h* — 20580h2 + 105)\ [y,m]
-105 0
(7hS — 105h* + 315h% — 105) (8h7 — 168hS5 + 840h® — 840h) l |f,€+1 |
(448h° — 1680h* + 1260h? — 105) (1024h7 — 5376h5 + 6720h% — 1680h) 1 | fis2 |
(5103h6 — 8505h* + 2835h? — 105) (17496h7 — 40824h5 + 22680h* — 2520h) I|a4| = fiss | (2,23)
(28672h° — 26880h* + 5040h? — 105) (131072h7 — 172032h° + 53760h% — 3360h) ilas] [ firs
(109375h° — 65625h* + 7875h2 — 105) (6250007 — 525000h5 + 105000h® — 4200h) | | feas|
(326592h° — 136080h* + 11340A% — 105) (2239488h7 — 1306368h° + 181440h* — 5040h) ) a fM,J
(823543h6 — 252105h* + 15435h? — 105) (6588344h” — 2823576h° + 288120h* — 5880h) G L

Solving the system of (2.23) above the by Gaussian elimination method, we have

a0 = yisr = h((F05) e+ () fon + (535) o + (5550) v + () fes + (53) s +
i:gzz) freve T (157225870) fk+7) ‘((:i) fr — ( )fk+1 + (_) fresz — ( )fk+3 + ( )fk+4
%) freas + (E) freve — (_) fk+7) = ((ZZZ) fe — (36109) fierr + (3392209) fieva — (389) fievs +

(

(

(o) feva = (53) ivs + (5 fevs = (55) o) =35 ((
( f

(

hi( %)fk B (zss)fk“ (16)fk+2 N
1283 )fk+3 + (ii) fiera = ( )fk+5 + (144) fiers = (288) k+7> %((384) fiers + (384-) fierr +
7

384)

L) fers + (525) fiern + () fiews = (55) fiorz = (5m) e = () fiwa) (2.24)

ar = fi+ 5 ((32) - (22
=(O5 - e+ (2
() ferr = () fira + (5)

(5
a, = %((i) k47 — (é) fieve + (2) frers — (%) frera + (E) frers — (%) fierz + (Z) frer1 — (22(3)) fk) ((g) frer7 —
() fr + (2) firs = (222 fern + (22) fess = (Z2) fira + (5 firr = (2) 1) # 15 () feor = () fiwo +
(207) frews — (565) fraa + (1235) frevs — (1355) frewz + (29_6) fre+1 — (E) fk) + % ((;) fresr — (;) freve T (é) frers —

) fierr + (879) fierz = (949) fiers + ( 21) fiera = (201) fiexs + (1305109) fiers = ( 70) fk+7) +
) K+2 (1219) frers +22fppa — (16)fk+5 + (E) frre — (1_6)fk+7) + ;((ﬁ)fk - (1%) frerr +
frs = (2) s + (2) fievo = (55) fiwr) (2.25)
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(E) fiera + (g)fk+3 - (é) fierz + (%) fier1 — (i) fk) (2.26)
@ =5 ((53) i (223)fk+1 + () ferz = (552 fewa + (5 fiera = (55) fes + (3550) fevs =

(67_0) fk+7) + ,11_4< 9 fk+1 + ( )fk+2 (1219) fk+3 + ( )fk+4 (185) fk+5 ( )fk+6 -

(%) fk+7) + h%( ) fe = 16 fk+1 + ( )fk+2 (14285) frevs + ( )fk+4 (16) frers + (24) freve —

() fk+7) 2.27)

Ay = ((360) fierr = (;:;Z) fiers + (30) fiers = (2557465) fiera + (389) fiers = (3996209) fierz +

(EE) fresr — (2986870) f") : ((288) fierr + ( )f"*S (144) fiers — (iii) fiera + (1228385) frers —

( )fk+2 (2:2) ferr — (144) f") ((192) fierr = (192) fiers + ( )f’“'S (192) fiera +

(192) fievs = ( )fk“ + (192) fierr = (192) f") (2.28)

(2) fi = (Z) firr + (B) fisz = (B2) fras + (B) fira = (Z) fews + () firs —
(i fk+7) ((60)fk ( )fk+1+(40)fk+2 (E)fk+3+(%)fk+4_(§)fk+5+(120)fk+6
(

0

%)fk”) (2.29)

% i5((%)]3”'7 (432)f"+6 (160)f"+5 Glz)fk” (2:Z)f"+3 ()f"+2 (864)fk+1
fiss = () fe) (2.30)

a7_hlﬁ<(1260)fk (seo)f’“'l (840)f"+2 (1008)fk+3 ()fk+4 (1680)f"+5

(2;;0) frevs = (1680) fk”) (2.31)
g = h17( (40320) fres7 = (5760) frers + (1920) fiers = (1152) fera + (1152) fiers — (1920) fierz +
(5760) fern = () fe) (2:32)

Substituting for a; =j =0, 1, 2, 3, 4,5, 6, 7, 8 in (2.12) yields the continuous method

y0) = Yieer = b ((Fag) fieor + (F5a0) fova + (535) s + () fevn + (5a0) fa +
(2:2)fk+2 szzz)fkﬂ (157225870)fk>+(x xi)fie + G xk) <( 4>fk+7 ( )fk+6 ( )fk+5_
(S)fk+4—+(6)fk+3 ( )fk+2+( )fk+1 (222)fk) (x h);k)g ((670)fk+7 (ig;z)fk+6
) frers = () fioa + (22) fiors = () sz + (Z2) fiewn = (22) fie) + S22 ((Z2) far -
( 108 540 360
(;z:z)fk’fﬁ-i-(so)fk” (2557465)fk+4 (37829)fk+3 (3996209)fk+2 G;z)fk“ (29236870)fk)
I ((Z) Ferr = (25) frs + (22) Fiews = () fera + (222) s = (2) fiwa + () fiora —
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( )fk) - Xk) ( (864) frerr = (432) fers + (160) fiers = C;z) fiera + (2:1) fiers = (36) fiera +
(@) freer — (%) fk) - (x_:éky ((@) fievr — (ﬁ) fieve + (ﬁ) frews — (E) fresa +
(1008) fiers — (840) fiera + (560) fierr = (1260) f") M (2:32)

Evaluating (2.32) at x = y,.g, We have obtained the discrete form as:

16083 1152169 242653 296053 2102243
=Yz + (5 fierr = (i) firs + () fiews = (S5 ) fews + ()
YVik+8 = Yk+7 2480 frar — 120960 frre 13440 frees — 13440 frera 120960 frees —

(1113541407) frerz + (ﬁiiz) frern — (157225870) f") (2.33)

The equation (2.33) is the eight-step Adams-Bashforth method.

2.3 Derivation of eight-step adams-moulton method
To derive the eight-step Adams — Moulton method using Hermite polynomials, we set n=9, in (2.10) yielding

y(x) = ag + a; (x — x;) + @, ((x — 2)* = 1) + a5 ((xr — x,)* = 3(x — %)) + @y ((x — 1,)* — 6(x — x,)% + 3) +

as((x — ;)% — 10(x — %)% + 15(x — %)) + a6 ((x — x,)® — 15(x — x)* + 45(x — x,)? — 15) + a,((x — x;)7 —

21(x — x;)% + 105(x — x;,)° — 105(x — x)) + ag((x — x;)® — 28(x — x,)® + 210(x — x;.)* — 420(x — x;,)? + 105) +
aq((x = 2,)° — 36(x — x,)7 + 378(x — x,)° — 1260(x — x;)? + 945(x — x;)) (2.34)

Differentiating (2.34) once gives:

y(x) = a; + 2a,(x — x3) + 3az[(x — x)* — 1] + 4a,[(x — x)* — 3(x — x;)] + 5as[(x — x,)* —
6(x — x,)% + 3] + 6ag[(x —x,)° — 10(x — x,)% + 15(x — x;)] + 7a,[(x — x;)® — 15(x — x)* +
45(x — x,)? — 15] + 8ag[(x — x)” — 21(x — x;)° + 105(x — x;,)3 — 105(x — x;)] +

ao[9(x — x;)® — 252(x — x4 )% + 1390(x — x;)* — 2520(x — xz) + 945] (2.35)

Interpolating (2.34) at x = x,,,, and collocating (2.35) at
X = Xpe, X1, Xie4 2> Xie+3» X+ ar X 50 Xicr60 X7, Xi+g 9IVES

Y(Xierr) = o + a3 (pear — %) + A ((pear — %)% = 1) + a3 (ka7 = x5)* = 3(gerr — x1)) +

A ((r7 = X)* = 6(Xes7 = x3)% + 3) + as((esr = X3)° = 100047 — X36)% + 15047 — X)) +
a6 ((Xper7 — %1)® = 15(Xr7 — x5 )* + 4517 — x3)% — 15) + a7 (ka7 — X3)” = 21 (g7 —
%10)% + 105(Xpes7 — x1)* = 105(xpr7 — X)) + g ((Kpeyr — X3)® = 28(Xpes7 — X30)® + 210 (g7 —
X)* = 42047 — x3)% + 105) + ag((Xpes7 — %i)° = 36(Xpesr — X1)7 + 37847 — X3)° —
12600y 47 — x;)% + 945(xps7 — Xi)) (2.36)

fi = a; —3a; + 15a5 — 105a, + 945 = y(x;) (2.37)

fierr = @y + 20, (X — X)) + 3a3[Ceperr — x0)% — 1] + 4as[ (K1 — %) — 300041 — x00] +
S5as[(ke1 = X1)* — 6(Xpeqr — %)% + 15] + 6a6[(pess — x3)° = 10(Xpesq — x3)* + 15(x 44 —
xi)] + 707 [(Xpe1 = %) ® = 15(x441 — 2)* + 45041 — xi)* — 15] + 8ag[(xprr — x,)” —
210041 = %)° + 105(Xpes1 — %)% — 105041 — 1)) + @9 [9Cxus1 — %3)® — 252(Xpes1 — %,)° +
1390(xp41 — x4)* = 2520041 — X)) + 945] = Y(X41) (2.38)

fivz = a1 420, (i — X)) + 3a3[ (s — 230 — 1] + 4ay [ (o2 — %)% = 30xps2 — x5 +
5as[(Xp42 — %) * = 6(Xpr2 — x3)? + 3] + 6a6[(Xpr2 — %4)° — 10(xp12 — %)% + 15(Xp42 — Xp)] +
7a;7[(Xgr2 = %) ® = 1512 — X3 )* + 45(Xppz — X3)* — 15] + 8ag[ (X2 — x)7 — 21 (g4 —
Xi)® + 105 (Xperz — X1)® = 105(Xpes — X1)] + @9 [I(Kperz — X1)® = 252 (Wpes, — X)® +

1890 (g4 — Xi)* — 2520(Xpes2 — Xi) + 945] = Y (xpe42) (2.39)
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fis = A+ 205 (Xpeqz — %) + 3a3[(Xp3 — )% = 1] + 4ay [(opers — 21 — 343 — 1)1 +
5as[(ss — X1)* — 6(xks3 — x3)% + 3] + 6a6[(Xpers — X1)° — 100X 43 — %303 + 150443 — x5)] +
7a7[ (k43 — %) ® = 15(xp43 — X4)* + 45(xper3 — x5)* — 15] + 8ag[(Xs3 — x)” — 21 (o445 —
%)% + 10503 — )% — 105(Xpes3 — X)) + @g[9Cpss — x3)® — 2520443 — x,)° +

1890(xy43 — X4 )* — 2520(xp43 — Xi) + 945] = Y(X43) (2.40)

fira = a1+ 20, (Xypq — x3) + 3a3[ (s — X4)% — 1] + 4ay [t — 1% = 3(ppa — x)] +
5as[(Xpra — %) * = 6(Xpps — x3)? + 3] + 6a6[ (Xpra — %1)° — 10(xprq — %)% + 15(Xps — X3)] +
7a;[(Xpra = %) ® = 15X g — X4 )* + 45(xp 10 — %)% — 15] + 8ag[(xppa — x)7 — 21 (Xppq —
Xi)® + 105 (Xpera — X1)* = 105(Kpera — X1)] + @9[9(Kpera — X1)® = 252 (Wpesa — )¢ +

1890 (xp4s — x4 )* — 2520044 — Xi) + 945] = Y(X44) (2.41)

fiers = a1 4 20, (Xpps — X)) + 3a3[(Xpys — x)% — 1] + 4ay[(rers — x)° = 3(xprs — x3)] +
5as[(Xp+s — x)* = 6(xpss — %)% + 3] + 6a6[(Xpss — X4)° — 10(Xpys — %)% + 15(Cx4s — x3)] +
7a;[(Xpess — %) ® — 15(Kpss — X )* + 45(xps5 — x,)* — 15] + 8ag[(xpss — x)7 — 21 (Kpqs —
%) + 105045 — x)® — 105(Xpqs — X)) + ag[9(xpers — %)% — 252(per5 — x)° +

1890 (xy 45 — xk)4 — 2520(Xg45 — Xi) + 945] = Y (xp45) (2.42)

fire = a1+ 2a; (s — Xi) + 3a3[ (s — X4)? — 1] + 4ay [(orrs — 1% — 3(xprs — x3)] +
5as[(Xr6 — X)* — 6(Xpre — Xi)? + 3] + 6a6[(Xprs — %) — 10(xp 16 — %)% + 15(Xp6 — Xi)] +
7a;[(Xg46 — xk)6 — 15(xy46 — xk)4 + 45X 46 — xk)z — 15] + 8ag[(xy46 — xk)7 — 21(Xp46 —
x)° + 105016 — %) — 1056 — xp)] + a9[I(Xpr6 — X1)® = 252 (g6 — X4)® +

1890 (xy46 — x4 )* — 2520(xp46 — Xi) + 945] = Y(X46) (2.43)

fierr = a1+ 2a; (X7 — i) + 3a3[ (X7 — X0 — 1] + 4ay[(Kp47 — %)% = 307 — x3)] +
5as[(Xps7 — %) * = 6(Xpp7 — %)% + 3] + 6a6[(Xpr7 — %) — 10(xps7 — %)% + 15(X47 — X3)] +
707 [(Xpr7 = %) ® = 15Xy — X4 )* + 4547 — %)% — 15] + 8ag[(xps7 — x)7 — 21 (K47 —
X% + 105X 47 — X)* — 105(Xpes7 — Xi)] + Ao [I(Hperr — %3)® — 252(xpe7 — x1)® +

1890 (X 47 — x4)* = 2520(xp47 — Xi) + 945] = Y (xpe47) (2.44)

fiers = aq + 20, (g — X)) + 3a3[(Xpss — X)* — 1] + 4ay[ (i — %)% — 3(Xpig — x3)] +
5as[(xrg — x)* — 6(Xprg — Xi)? + 3] + 6a6[(Xprs — Xi)° — 10(xp 15 — x3)* + 15Xy 48 — Xp)] +
7a;[ (X5 — xk)6 — 15(xy4g — xk)4 + 45(xy48 — xk)z — 15] + 8ag[(xy4g — xk)7 — 21 (xp4g —
x)® + 105048 — %)® — 105(xprs — Xi)] + ag[9(xprg — %)% — 252(perg — X)° +

1890 (xy4s — Xi)* — 2520(Xpe4g — Xi) + 945] = Y(xp48) (2.45)

In matrix form, we have:

1 7h (49h% —1) (343h3—21h) (2401h* —294h% +3) (16807h° — 3430h% + 105h) (117649h°® — 36015h* + 2205h% — 15)
(0 1 0 -3 0 15 0 \
0 1 2h (3h?-3) (4h® — 12h) (Sh* — 30h? + 15) (6h° — 60h® + 90h)
I 0 1 4h (12h% - 3) (32h% — 24h) (80h* — 120h? +15) (192h5 — 480h° + 180h) I
jo 1 6h (27h% - 3) (108h* — 36h) (405h* — 270h? + 15) (145h° — 1620h° + 270h) |
lo 1 8h (48h% - 3) (256h° — 48h) (1280h* — 480h? + 15) (6144h° — 3840h° + 360h) |*
lo 1 10h (75h% - 3) (500h3 — 60h) (3125h* — 750h? + 15) (18750h° — 7500h3 + 450h) !
0 1 12h (108h% — 3) (864h3 — 72h) (6480h* — 1080A2 + 15) (46656h° — 12960h® + 540h) |
\0 1 14h (147h% - 3) (1372h3 — 84h) (12005h* — 1470h? + 15) (100842h° — 20580h° + 630h) }
0 1 16h (192h% - 3) (2048h% — 96h) (20480h* — 1920A2 + 15) (196608h° — 30720h% + 720h)
(823543h7 — 352947h° + 36015h% — 735h)  (5764801h® — 3294172h° + 504210h* — 20580h% + 105)  (40353607h° — 29647548h7 + 6353046h° — 61740h? + 6615h)
-105 0 945
(7h® — 105h* + 315h% — 105) (8h7 — 168h° + 840h> — 840h) (9h® — 252h° + 1890h* — 2520h + 945) w
(448h° — 1680h* + 1260h? — 105) (1024h7 — 5376h° + 6720h — 1680h) (2304h® — 16128h6 + 30240h* — 5040k + 945)
(5103h® — 8505h* + 2835h% — 105) (17496h7 — 40824h5 + 22680h° — 2520h) (59049h® — 183708h6 + 112590h* — 7560h + 945) |
(28672h° — 26880h* + 5040h? — 105) (1310727 — 172032h5 + 53760h° — 3360h) (589824h® — 1032192h° + 355840h* — 10080k + 945)
(109375h® — 65625h* + 7875h% — 105) (625000h7 — 525000A° + 1050003 — 4200h) (3515625h® — 3937500h° + 868750h* — 12600h + 945) ‘
(326592h°® — 136080h* + 113402 — 105) (2239488h7 — 1306368h° + 181440h° — 5040h) (15116544h® — 11757312h° + 1801440h* — 15120h + 945)
(823543h°® — 252105h* + 154352 — 105) (6588344h” — 2823576h° + 288120h° — 5880h) (51883209h2 — 29647548h° + 3337390h* — 17640h + 945) /
(1835008h° — 430080h* + 20160h? — 105) (16777216h7 — 5505024h° + 4.30080h% — 6720h) (150994944h® — 66060288h° + 5693440h* — 20160h + 945)
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Agq  [YVe+7]T

a, fi

a, fre1

as fk+2

Qy fre+3

as| | fi+a (2:46)
A fk+5

az frve

g fres7

Ho- —fk+8—

Solving the system of equations in (2.46) above by Gaussian elimination method
@0 =iy = 1 (5iese0) o+ (o) fos + Ginzoa) feva = Gosng)fvs = (3556) fe =
o) ez~ G o = () v+ i) o) =5 (E5) 4 4 7
() e+ () s = () s + () s = () oo + (52 o) = ((G00) = ) e+
(50 ) ferz = (55 e+ (557) ira = (555 s+ (55) v = (iiZ)fk+7+(f$o)fk+s)
2 (G2 e = G s+ (52) e = () oo+ () s = (B s+ (52) o
(iii)fk+7+(zss)fk+s) () e G o+ () e = () s + () v -

s+ () o= () (i) fvs) + 35 (i) i = (3 e+ (35 fa =

(2) firs + (Z2) fiens = (2) fiews + (L) fiows - (36)fk+7 + (525) fis) (2.47)

ar = fi+ 5 ((B2) fivo = (52) fiwr + (B2) firs = (22) s + (2) fivn = (B22) fiws +
(Gzzol)f’“r2 (43851)fk+1 (iiii)@ 1((1996270)f"+8_( )f"” (2186003)fk+6 (1193)fk+5+
(5507 e = (57) o + (55a) v = (55) iewn + (i) i) + 5 (G5 foa = () o +
o) fiers = fiers + fiera — fies + fier2 = fierr +(5) fie) =
(56) fievs = G fews + (55 fiera = (55) s + (5) e = (55 ) &)
h18 ((251992)fk+8 (3E24)fk+7 (864)fk+6 (432)f"+5 (1474258)fk+4 (4392)fk+3+(%)fk+2_

fierr + S (2.48)
(3024) (24192) >

a; = — 1((1)fk+8_(i)fk+7+()fk+6 ( )fk+5+(3j frva — ( )fk+3+7fk+2 4fie1 +
() i) = 5 ((52) fivo = (322) firr + (52) firo = (222) fiess + (22) fera = (B2) fiwa +
(1i:§3)fk+z (%) fern + (2) fe) = 2 () fawo - (%)f+7+(195)fk+6 (22) fes +

() fevn = (222 ficrs + (52) fierz = () firn + (D) i) = 5 () fevo = () fewr +

(z )fk+6 (217)fk+5 ( )fk+4 ( )fk+3 (119)fk+2_( )fk+1+( )fk>+

o ((288) frevs — (36) frevr + (%) fieve — (36) fievs + (37) fieva — (36) fievs + (72) fievz —
(%) frerr + (ﬁ) fk) (2.49)
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a3_hlz((1112210)fk+8 (122)fk+7 (2514403)fk+6 ()fk+5 (Ggl)f’”‘* (2103053)fk+3+
(22007)f"+2 (jié)fk“ (izii;)fk) hl4<(2986870)fk+8 (14354)f"+7 (2284003)f"+6 (1193)fk+5+
(3222 fire = () fews + ((222) fivo = (22) firn + (52) i) + 2 ((22) firo = () fiwr +
2 firs = (5) firs + () fiera = (52) fira + (52) fewz = (48)fk+1+(64)fk)
;8((9072)fk+8 (1134)fk+7 (324)fk+6 (162)fk+5 (;iZ)ka (162)fk+3 (324)fk+2
(1134) ferr + (9072) f") (2.50)

ar = =5 () fevs = (B2) o + (20) fers = (55m) iws + (50 fiws = (52) firs +
(o) ez = () funs + (G2) 1) = 3 (o) s = G v + (52) s = () fes +
(5 fices = (55) fiera + (5) fewa = (iZZ)fk+1+(3z)fk) (G fers = () fuor +
(32) s = (o) furs + () fra = (B) v + (5 fvz = (35) foon + (55) i)

(2.51)
= 3 (25 e () e+ () e (32 o+ 2 = (29 e (222~
(2 o+ () #2:((35) o= (5 ()= () (2 = 2
(B52) vz = () i+ (335) 1) + 5 () v = (o) fer + (o) fiovo = () ficws +
(o) it = (o) fevs + (G i = () s + () i) (252)

115 179 179 2581

@ =~ ((160) fie = (864) fiewr + (432) fiera = (96) fiers + (216) fiera = (4320) fiews + ( )fk+6 B
(864—) fres7 + (864—) f’“'g) ((320) fie = (288) ferr + (1141490) fiera = (480) fiers + ( )f"+4 N
(1241470) frers + ( )fk+6 (1440) fiers + (2880) f"+8> (253)

a7 = h16 ((6720) fie = (5040) fiewr + (5203490) fiera = (11:890) fies (2200196) fiera = (5309:0) fiers +
(12;0) frers — (720) fier7 + (2021360) fk+8) + h18 (+ (10080) fie = (12160) fierr + (360) fiera =
(180) frers + (144) fiera = (180) fiees + (360) fiers = (Teo) fierr + (M) fk+8) (254)

1

ag = _ﬁ((ssso) fie = (11152) fierr + (5;20) fievz = (%) fres + (ﬁ) fiera = (%) fers +
(384—) frexs = (40320) fierr + (11520) fk+8) (2.55)

Qo = h18 ((3621880) fie = (@) fierr + (12;60) fier2 = (ﬁ) fiers + (ﬁ) ficra = (64_180) fiers +
(12960) frexs = (4—5360) fierr + (362880) fk+8) (2.56)

Substituting for a; =j=0,1,2,3,4,5,6,7,8,9 in (2.34) yields the continuous method

24353 542969 343 368039 261023
Y = Vw7 — h( (259200)fk+2 (259200)fk+3 (3240)fk+4 (259200)fk+5 (259200)fk+6

(oot fiwr + (smmmag) fiess = (remoam) fic = (Soemr) fiewn) + G = 10 + S (%) fiws + (2) s
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(i) frrs — (E) frera — (g) feve = Tfrwz + 4frr1 — (;z;) fie + ( )fk+7) L xk)3 (— (g) frews — (132) free7 +

2143 29531 2003 121 481 207 691
(( 540 ))4fk+6 137(M) fi 183(5?5 ) fics 26(71120) fk‘:;gl (105) fk+1527 ( 20 )fk+2349 (48 )fk+t)ztst

> ( (64 )fk+6 (m) fk‘;z (640) fie + (7zo)fk+5 (720) fex7 + (144) fiesr = (144 )f"+4 +

(73907) fiews = (5476690) f’”s) = Xk) ((175220809) fievz + (;223) fie + (zz%go) fiers = (E) fierr = (1415903) fiews +
(Gm0) fevs + (3500) fevs = (iﬁi)fm (55 fsa) + 522 (o) i = () v + (555) fivs
(55 fevs + () s = () e = (555) i+ (55 fes = (35) v = S () o +
(
(x

391 149 239

sovso)fvo = () s+ (1635 fve = (555) s = (i) fws + (225 = (s S + () w2 ) +
55 (- () o+ () o = (55 v+ (555) s + () o = (55 v = (i) s —

(i) o + (55) i) + S5 () e~ (i) fon + i) o = () s + () fvo —
(v e+ (s fvs = (s fvs * (555) fve) (257)

Evaluating (2.57) at x = y,.g, We have obtained the discrete form as:

33953 156437 645607 1573169 31457
= Yiesr + h (= (omas) e & Gorrans) fien = (ianann) fiere * Ciaraana) fiera = (Goeng) ficra +
Yievs = Vier7 3628800 fi 1814400 fren 1814400 frerz + 1814400 frers = 22680 fieva

2797679 2302297 2233547 1070017
2.58
( ) frers = (1814400) frers + (1814—4—00) fre + (3628800) f’”g) (2.58)

1814400

The equation (2.58) is the eight-step Adams-Moulton method.

2.4 Eight-step optimal order method

The optimal scheme is an implicit multi-step method similar to the Adams-Moulton method. To derive the
eight-step optimal method, we shall consider the system of equations in (2.34 - 2.45) except for y(xy47).
Interpolating (2.34) at x = x;,¢, We have

Y(Xkrs) = Ao + a1 (prs — i) + A2 ((tkrs — X)? — 1) + az((rs — x1)% — 3(xss — X1)) +
ay((Xpesg — x)* — 6(Xp46 — x3)* +3) + as((xk+6 — %)% = 10(Xper6 — X1)® + 15(Xp 46 — xk)) +
a6 (X6 — %) ® = 1500446 — Xi)* + 45(Xpers — x)* — 15) + a7((xk+6 —x3)” = 21(%Xper6 —
%)% + 105ty — x30)* — 105(Xss — %)) + ag((tpers — Xie)® — 28(Xpews — %56)° + 210 (16 —
%) = 420(Xpeps — Xi)* + 105) + ag((prs — %1)° = 36 (Xirg — Xi)” + 378(Xpews — Xi)® —
1260 (X6 — %)% + 9450146 — X1)) (2.59)

The corresponding matrix is

1 6h (36h* —1) (216h%—18h) (1296h*—216h*+3) (7776h° —2160h® + 90h)  (46656h® — 19440h* + 1620h? — 15)
0 1 0 -3 0 15 0
|o 1 2h (Bh?-3) (4h® — 12h) (5h* — 30h* +15) (6h° — 60h® + 90h) |

0 1 4h (12n* -3) (32h® — 24h) (80h* — 120h* + 15) (192h5 — 480h° + 180h)

0 1 6h (27h* = 3) (108h* — 36h) (405h* — 270h? + 15h) (145h5 — 1620h* + 270h)

0 1 8h (48h* —3) (256h* — 48h) (1280h* — 480h* + 15h) (6144h° — 3840h® + 360h)

0 1 10h (75h% - 3) (500h* — 60h) (3125h* — 750h% + 15h) (18750h° — 7500h® + 450h)

0 1 12h (108h? — 3) (864h* — 72h) (6480h* — 1080h? + 15h) (46656h° — 12960h° + 540h)

0 1 14h (147h% - 3) (1372h* — 84h) (12005h* — 1470h? + 15h) (100842h° — 20580h° + 630h)

0 1 16h (192h% - 3) (2048h* — 96h) (20480h* — 1920h* + 15h) (196608h° — 30720h* + 720h)

(279936h7 — 163296h° + 22680h* — 630h)  (1679616h° — 1306368h° + 272160h* — 15120h% + 105)  (10077696h° — 10077696h” + 2161728h° — 45360h? + 5670h)

—105 0
( (7h® — 105h* + 315h* — 105) (8h7 — 168h° + 840h® — 840h) (9h® — 252h° + 1390h* — 2520h + 945) \
| (448h° — 1680h* + 1260h? — 105) (1024h7 — 5376h° + 6720h — 1680h) (2304h® — 16128h° + 22240h* — 5040h + 945) |

(5103h° — 8505h* + 2835h* — 105) (17496h7 — 40824h° + 22680h° — 2520h) (59049h® — 183708h° + 112590h* — 7560h + 945)
(28672h° — 26880h* + 5040h% — 105) (131072h7 — 172032h° + 53760h* — 3360h) (589824h® — 1032192h° + 355840h* — 10080h + 945)
| (109375h® — 65625h* + 7875h* — 105) (6250007 — 525000h° + 105000h* — 4200h) (3515625h® — 3937500h° + 868750h* — 12600h + 945) |
| (326592h° — 136080h* + 11340h? — 105) (2239488h7 — 1306368h° + 181440h° — 5040h) (15116544h® — 11757312k + 1801440h* — 15120h + 945) |
\ (823543h° — 252105h* + 15435h? — 105) (6588344h” — 2823576h° + 288120h* — 5880h) (51883209A° — 29647548h° + 3337390h* — 17640h + 945) }
(1835008h° — 430080h* + 20160h? — 105) (16777216h7 — 5505024h° + 4.30080h* — 6720h) (150994944h® — 66060288h° + 5693440h* — 20160h + 945)
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agn  [Yk+6]

a, fre

ay| | firr

as fk+2

Ay frers

as| = | fira (2.60)
A frss

az frere

g fierr

ol fivs

Solving the system of equations by Gaussian’s elimination methods gives the same result in (2.46 — 2.59) above
except for a,. Now, we have a, to be

o = Yi+s —h (_ (ijz) fievs = (700) fievs = (175) fiev + (1400) fievs = (%)f (i;(;) fierr = (700) fievz =
:22) fievs + (35) fk+4) ((4) fievr + 4ferr — Tfirz + ( )fk+3 (;Z;) fe + ( )fk+5 (—) fieve —

(
(o) fess = () fes) =55 (= C5) fva + (ZZ)J‘W (55) fiews + () fews = (550) fie = () fievs +

49 1457 18353 895 2581 575
(g) fierr = ( )f’””‘ 3(()5960 )f’”z) ( S;QH) fierz + (1288 ) fiexs = (288) fiers + (288) f:’:l +
(?) fiews = ( )fk+6 (288) fierr = (32) f" ( )fk+4) h7( (128) fiexs + (384) fies7 = (384) frex2 +
(%) fiews = (768) fievs + (384) fierr + (128) fiers = ( 8) fieva = (256) f") ( (36) fiexs + (72) fievs +
(ﬁ) fiers + (772) fiexz + (144) fiera = (36) fier7 = (E) fierr + (288) fie = (36) fk+5) (2.61)

Substituting for a;,j = 0,1,2,3,4,5,6,7,8,9 in (2.61) yields the continuous eight-step optimal order method:

V) = Yirs = ((1400)fk+8 (1440010)fk (:;Z)f"“ (700)fk+2 (:Si)fk” ()f"“ (i:i)fk“’ (700)f’“r6

761

175)fk+7)+(x x)fie + %( Tfesz + ( )fk+3 (560)fk+4fk+1 ( )fk.+7 (35)fk+4 ( )fk+5 ( )fk+6—
47) fuss) = (: 2 (- (2103"(53) fk;s (1::) fesz + (;’,;3) fe— (‘Ez fera + (251;;2) fure (;;7) fusr nggl)fk+4
Es)gfhs (uigzlfkw) fz::ss( ( )f(k+6 )5( )fk+3 (144 2012\:4 (14;2)‘9](“1 (6435)25]; (720) f:;
_o)f"’fs (720)f"+5 (2880)fk+2) %( (225) fierr + (9600) fe = (450) ferr + (7200)f"+2 (2400) fiers =

(
(
(
&
(52 o+ (o) v = () oo (ain) ero) #5525 () v = (2) v = () i 5 o = (52 s+
Esél
:
(
(

ﬂ)fk (720)fk+7 (20160)fk+8 (50410)f"+5 (52040)fk+2) (xhtk)s( (5760)fk+2 (8960)fk (1152)fk+1

11520)fk+3 (40320)fk+7 (1920)fk+3 (5750)fk+5 (384)fk+5 (144)fk+4)+(xh);k)g( (6480)fk+3 (362880)fk+8
45360)fk+1 (12960)fk+2 (45360)fk+7 (5184)fk+4 (6480)fk+5 (12950)fk+5 (362880)fk) (2.62)

Evaluating (2.62) at x = x;.g, We obtain the discrete form as:

Yiers = Yievs + h (= (555) i (5555) o = (o) vn + (5555 fors = (5555 fera +
(o) fers = (Ge0) v + (55za) for + (55505) ficve) (2.63)

Thus, (2.63) is the eight-step optimal order method.

6
8
E)fk” (;Z:)f’”‘* (ii:;)fkﬁ (864)fk+8) “ iky((mso)f"% (11;90)f"+3 (2200196)fk+4 (5040)/:"’r1
3
2
1

3 Numerical Solutions: An application of the Linear Multistep Scheme

In this study, we have developed continuous multistep collocation methods for solving first-order initial value
problems (IVPs) of ordinary differential equations (ODEs). We have used probabilists’ Hermite polynomials as
the basis functions for our methods. Additionally, we have obtained corresponding discrete schemes.

In this section, we will apply the derived eight-step methods of Adams-Bashforth, Adams-Moulton, and the
proposed optimal order methods to solve non-stiff 1\VPs of ODEs. We do this by interpolating the continuous
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solution at both grid and off-grid points, and then collocating them using the chosen basis functions. We will
also obtain the errors associated with these methods. To obtain starting values, we use the fourth-order Runge-
Kutta method, which is known to be the most efficient method for generating starting values for linear multistep
methods. We then use the fourth-order Adams-Bashforth method as a predictor for the implicit schemes.

The results and errors obtained from the numerical experiments will be tabulated for clarity. These experiments
involve evaluating the starting values y,, where n = 0,1, ..., 5, using the fourth-order Runge-Kutta method. We
will then apply the continuous multistep collocation methods to solve the 1\VVPs. This approach offers a practical
and efficient way to approximate the solutions of ODEs, and we believe that the use of probabilists’ Hermite
polynomials as basis functions will enhance the accuracy and efficiency of the numerical methods developed in
this study.

Test Problem 1: Consider the IVP,

dy

dx

-y; y(0) =1

Exact Solution:

y(x) =e”

X

Table 1. Comparison of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method for Test Problem 1,
with stepsize h=0.1

x-value  Exact Solution 8-order Adams- 8-order Adams-Moulton 8- order Optimal Method
Bashforth
0.1 0.904837418035960 0.904837500000000 0.904837500000000 0.904837500000000
0.2 0.818730753077982 0.818730901406250 0.818730901406250 0.818730901406250
0.3 0.740818220681718 0.740818422001178 0.740818422001178 0.740818422001178
0.4 0.670320046035639 0.670320288917491 0.670320288917491 0.670320288917491
0.5 0.606530659712633  0.606530934423380 0.606530934423380 0.606530934423380
0.6 0.548811636094026 0.548811934376315 0.548811934376315 0.548811934376315
0.7 0.496585303791409 0.496585618671229 0.496585618671229 0.496585618671229
0.8 0.449328964117222 0.449329247126416 0.449329248184475 0.449329200835643
0.9 0.406569659740599 0.406569925334822 0.406569917974354 0.406569925854396
1 0.367879441171442 0.367879656723068 0.367879673352084 0.367879622283663

Table 2. Comparison of Absolute Error of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method

for Test Problem 1, with step-size h=0.1

x-value 8-order Adams-Bashforth 8-order Adams-Moulton 8- order Optimal Method
0.1 8.20E-08 8.20E-08 8.20E-08
0.2 1.48E-07 1.48E-07 1.48E-07
0.3 2.01E-07 2.01E-07 2.01E-07
0.4 2.43E-07 2.43E-07 2.43E-07
0.5 2.75E-07 2.75E-07 2.75E-07
0.6 2.98E-07 2.98E-07 2.98E-07
0.7 3.15E-07 3.15E-07 3.15E-07
0.8 2.83E-07 2.84E-07 2.37E-07
0.9 2.66E-07 2.58E-07 2.66E-07
1 2.16E-07 2.32E-07 1.81E-07

Test Problem 2: Consider the I\VP,

dy

dx

Exact Solution:

=1l-x+4y; y(0)=1

1
= — 4x _
y(x) 6 (4x + 19e¢ 3)

28



Odeyemi et al.; J. Adv. Math. Com. Sci., vol. 38, no. 6, pp. 16-32, 2023; Article no.JAMCS.97606

Table 3. Comparison of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method for Test Problem 2,
with step-size h=0.1

x-value Exact Solution 8-order Adams-Bashforth  8-order Adams-Moulton 8- order Optimal Method
0.1 1.609041828449010  1.608933333333330 1.608933333333330 1.608933333333330
0.2 2.505329852584810  2.505006151111110 2.505006151111110 2.505006151111110
0.3 3.830138845749650  3.829414509150810 3.829414509150810 3.829414509150810
0.4 5.794226003969200  5.792785270450580 5.792785270450580 5.792785270450580
0.5 8.712004117480150  8.709317547440140 8.709317547440140 8.709317547440140
0.6 13.052521952011900 13.047712629434700 13.047712629434700 13.047712629434700
0.7 19.515518040677800 19.507147853082100 19.507147853082100 19.507147853082100
0.8 29.144879609067300 29.131606335987000 29.132202731569100 29.133183299790600
0.9 43.497903401867600 43.477870180375300 43.478995629506700 43.479729037231900
1 64.897803164358800  64.866065719536600 64.869044474654400 64.870397343912000

Table 4. Comparison of Absolute Error of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method
for Test Problem 2, with step-size h=0.1

x-value 8-order Adams-Bashforth 8-order Adams-Moulton 8- order Optimal Method
0.1 1.08E-04 1.08E-04 1.08E-04
0.2 3.24E-04 3.24E-04 3.24E-04
0.3 7.24E-04 7.24E-04 7.24E-04
0.4 1.44E-03 1.44E-03 1.44E-03
0.5 2.69E-03 2.69E-03 2.69E-03
0.6 4.81E-03 4.81E-03 4.81E-03
0.7 8.37E-03 8.37E-03 8.37E-03
0.8 1.33E-02 1.27E-02 1.17E-02
0.9 2.00E-02 1.89E-02 1.82E-02
1 3.17E-02 2.88E-02 2.74E-02
Test Problem 3: Consider the VP,
Yy Oy =2
dx y + yz ’ :V( )

Exact Solution:

o) = 3\/(139615" — 3e72%)

17

Table 5. Comparison of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method for Test Problem 3,
with step-size h=0.1

x-value  Exact Solution 8-order Adams-Bashforth  8-order Adams-Moulton 8- order Optimal Method
0.1 3.317141203207850 3.316705869531850 3.316705869531850 3.316705869531850
0.2 5.474932869673380 5.473315121398090 5.473315121398090 5.473315121398090
0.3 9.028410539856130 9.024203136693940 9.024203136693940 9.024203136693940
0.4 14.885866168811800 14.876372621469500 14.876372621469500 14.876372621469500
0.5 24.542804917158000 24.522932513230200 24.522932513230200 24.522932513230200
0.6 40.464292920687700  40.424570380692300 40.424570380692300 40.424570380692300
0.7 66.714355023308700  66.637392445034900 66.637392445034900 66.637392445034900
0.8 109.993380579720000 109.852968811974000 109.863396523534000 109.872374058953000
0.9 181.348427520768000 181.101308915549000 181.130798254438000 181.139931713824000
1 298.993010259922000 298.552128950694000 298.620412667443000 298.638430344442000
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Table 6. Comparison of Absolute Error of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method
for Test Problem 3, with step-size h=0.1

x-value  8-order Adams-Bashforth 8-order Adams-Moulton 8- order Optimal Method
0.1 4.35E-04 4.35E-04 4.35E-04
0.2 1.62E-03 1.62E-03 1.62E-03
0.3 4.21E-03 4.21E-03 4.21E-03
0.4 9.49E-03 9.49E-03 9.49E-03
0.5 1.99E-02 1.99E-02 1.99E-02
0.6 3.97E-02 3.97E-02 3.97E-02
0.7 7.70E-02 7.70E-02 7.70E-02
0.8 1.40E-01 1.30E-01 1.21E-01
0.9 2.47E-01 2.18E-01 2.08E-01
1 4.41E-01 3.73E-01 3.55E-01

Test Problem 4: Consider the VP,

dy
dx

Exact Solution:

y(x) = eJZ_C sin(5x)

1 x X
——y= —Eef sin(5x) + 5eZ cos (5x), y(0) =0

Table 7. Comparison of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method for Test Problem 4,
with step-size h=0.1

x-value Exact Solution

8-order Adams-Bashforth

8-order Adams-Moulton

8- order Optimal Method

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

0.504006211599106
0.929969260814162
1.158923832386380
1.110618385112830
0.768453444209089
0.190492085804808
-0.497785095005140
-1.129016653736910
-1.533072395217810
-1.580998848627810

0.504014759887403
0.929983373647291
1.158938590752240
1.110627991859330
0.768452618751726
0.190477469066620
-0.497813889877322
-1.129352840215060
-1.533494108291160
-1.580895807556460

0.504014759887403
0.929983373647291
1.158938590752240
1.110627991859330
0.768452618751726
0.190477469066620
-0.497813889877322
-1.129066324157410
-1.533148367354660
-1.581085845119980

0.504014759887403
0.929983373647291
1.158938590752240
1.110627991859330
0.768452618751726
0.190477469066620
-0.497813889877322
-1.129052476475610
-1.533126945181480
-1.581047653893670

Table 8. Comparison of Absolute Error of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method
for Test Problem 4, with step-size h=0.1

x-value 8-order Adams-Bashforth 8-order Adams-Moulton 8- order Optimal Method
0.1 8.55E-06 8.55E-06 8.55E-06
0.2 1.41E-05 1.41E-05 1.41E-05
0.3 1.48E-05 1.48E-05 1.48E-05
0.4 9.61E-06 9.61E-06 9.61E-06
0.5 8.25E-07 8.25E-07 8.25E-07
0.6 1.46E-05 1.46E-05 1.46E-05
0.7 2.88E-05 2.88E-05 2.88E-05
0.8 3.36E-04 4.97E-05 3.58E-05
0.9 4.22E-04 7.60E-05 5.45E-05
1 1.03E-04 8.70E-05 4.88E-05

Test Problem 5: Consider the VP,

dy ylny
dx

x+1

=@+ 1y y0)=1
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Exact Solution:

Table 9. Comparison of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method for Test Problem 5,

x(x+1)

yx)=e
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with step-size h=0.1

x-value

Exact Solution

8-order Adams-Bashforth

8-order Adams-Moulton

8- order Optimal Method

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

1.116278070458870
1.271249150321400
1.476980793882640
1.750672500296100
2.117000016612680
2.611696473423120
3.287081207383120
4.220695816996550
5.528961477624000
7.389056098930650

1.116276566958480
1.271244993844780
1.476971897098690
1.750655088565740
2.116967258713190
2.611635968023550
3.286970339191010
4.220471385469230
5.528507197783100
7.388193146884370

1.116276566958480
1.271244993844780
1.476971897098690
1.750655088565740
2.116967258713190
2.611635968023550
3.286970339191010
4.220537241735280
5.528723529870500
7.388665357756570

1.116276566958480
1.271244993844780
1.476971897098690
1.750655088565740
2.116967258713190
2.611635968023550
3.286970339191010
4.220563216666740
5.528742731240950
7.388716640390750

Table 10. Comparison of Absolute Error of 8-order Adams-Bashforth, Adams-Moulton, Optimal Method
for Test Problem 5, with step-size h=0.1

x-value  8-order Adams-Bashforth 8-order Adams-Moulton 8- order Optimal Method
0.1 1.50E-06 1.50E-06 1.50E-06
0.2 4.16E-06 4.16E-06 4.16E-06
0.3 8.90E-06 8.90E-06 8.90E-06
0.4 1.74E-05 1.74E-05 1.74E-05
0.5 3.28E-05 3.28E-05 3.28E-05
0.6 6.05E-05 6.05E-05 6.05E-05
0.7 1.11E-04 1.11E-04 1.11E-04
0.8 2.24E-04 1.59E-04 1.33E-04
0.9 4.54E-04 2.38E-04 2.19E-04
1 8.63E-04 3.91E-04 3.39E-04

4 Conclusion

This study aimed to derive both continuous and discrete linear multistep methods (LMMs) using collocation and
interpolation techniques with the probabilists’ Hermite polynomials serving as basis functions. The results
suggest that LMMs can be derived using any polynomial function and approach. Among the Adams-Moulton
and Adams-Bashforth methods examined, the proposed optimal order method demonstrated the highest
accuracy.

LMMs play a significant role in numerically solving various types of ordinary differential equations. Although
the approach and basis functions in this study differ from those in previous research, the derived LMMs were
found to be identical. The proposed optimal order method, which was built from the Adams-Moulton method,
demonstrated efficient convergence when evaluating initial value problems (I\VVPs) and was shown to be superior
in terms of accuracy compared to the standard Adams-Bashforth and Adams-Moulton methods with the same
step number.

The accuracy of the proposed method was demonstrated by solving numerous differential equations using the
numerical method. The results obtained were comparable to those of other similar methods, indicating that the
proposed method is accurate. These findings are significant for researchers in the field of numerical analysis and
mathematical modeling.

Future research could explore the application of the proposed optimal order method to other types of differential

equations, including partial differential equations. Additionally, investigating the effect of different polynomial
functions and approaches on the accuracy and efficiency of LMMs could provide useful insights. Further
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research could also consider the implementation of the proposed optimal order method in parallel computing to
improve computational efficiency. These future directions could enhance the practical utility and applicability of
the proposed method in various scientific and engineering fields.
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