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ABSTRACT

In this paper, closed forms of the sum formulas })_ kW, and _;_, kW_, for generalized
Tetranacci numbers are presented. As special cases, we give summation formulas of Tetranacci,
Tetranacci-Lucas, and other fourth-order recurrence sequences.
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1 INTRODUCTION art, physics and engineering. The sequence of

Fibonacci numbers { F,, } is defined by

Recently, there have been so many studiesofthe  p —p |+ F, , n>2 F =0 F =1

sequences of numbers in the literature and the

sequences of numbers were widely used in many The generalization of Fibonacci sequence leads
research areas, such as architecture, nature, to several nice and interesting sequences. Two
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of these type of sequences are the sequences of Tetranacci and Tetranacci-Lucas which are special
case of generalized Tetranacci numbers. A generalized Tetranacci sequence

{Wn}’nZO = {Wn(WO7 W17 WQ: W3; T, 8,1, u)}"ZO
is defined by the fourth-order recurrence relations
Wn = 'r'anl + SWn72 + th73 + (U'W’ﬂ*4a (1 1)

with the initial values Wy, W1, Wo, W3 are arbitrary complex (or real) numbers not all being zero and
r, s,t,u are real numbers. This sequence has been studied by many authors and more detail can be
found in the extensive literature dedicated to these sequences, see for example [1,2,3,4,5,6,7].

The sequence {W,, }..>0 can be extended to negative subscripts by defining
t s r 1
W_n=—W_tno1)y — —W_nooy — —W_(n- —W_(n-
a1 T W) = o Wenes) T W (nea)
forn = 1,2, 3, .... Therefore, recurrence (1.1) holds for all integer n.

For some specific values of Wy, W1, Ws, W3 and r, s, t, u, it is worth presenting these special Tetranacci
numbers in a table as a specific name. In literature, for example, the following names and notations
(see Table 1) are used for the special cases of r, s, t, u and initial values.

In literature, for example, the following names and notations (see Table 1) are used for the special
case of r, s, t, v and initial values.

Table 1. A few special case of generalized Tetranacci sequences

No Sequences (Numbers) Notation OEIS[8] Ref.
1 Tetranacci {M,} ={W,(0,1,1,2;1,1,1,1)} A000078  [9]
2 Tetranacci-Lucas {R.} ={W,.(4,1,3,7;1,1,1,1)}  A073817 [9]
3 fourth order Pell (P} = {(W,(0,1,2,5;2,1,1,1)}  A103142 [10]
4 fourth order Pell-Lucas QMY ={W.(4,2,6,17;2,1,1,1)} A331413  [10]
5 modified fourth order Pell {EMY = {W,(0,1,1,3;2,1,1,1)}  A190139  [10]
6 fourth order Jacobsthal (I} = {Wn(0,1,1,1;1,1,1,2)}  A007909 [11]
7 fourth order Jacobsthal-Lucas {jff)} ={Wx,(2,1,5,10;1,1,1,2)}  A226309 [11]
8 modified fourth order Jacobsthal (KM} = {Wa(3,1,3,10;1,1,1,2)} [11]
9 fourth-order Jacobsthal Perrin {QS*)} ={Wx(3,0,2,8;1,1,1,2)} [11]
10 adjusted fourth-order Jacobsthal {S} = {W,(0,1,1,2;1,1,1,2)} [11]
11 modified fourth-order Jacobsthal-Lucas {Rff)} ={W.(4,1,3,7;1,1,1,2)} [11]
12 4-primes {Gn} ={W,(0,0,1,2;2,3,5,7)} [12]
13 Lucas 4-primes {Hn} ={W,(4,2,10,41;2,3,5,7)} [12]
14 modified 4-primes {En} = {W,(0,0,1,1;2,3,5,7)} [12]

Here OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on, we
drop the superscripts from the sequences, for example we write .J,, for JW.

We present some works on summing formulas of the numbers in the following Table 2.
Table 2. A few special study of sum formulas

Name of sequence Papers which deal with summing formulas
Pell and Pell-Lucas [18,14,15],[16,17]
Generalized Fibonacci [18,19,20,21,22,23,24]
Generalized Tribonacci [25,26,27]
Generalized Tetranacci [28,29,6]
Generalized Pentanacci [30,31]
Generalized Hexanacci [32,33]

69



Soykan; AJARR, 15(1): 68-85, 2021; Article no.AJARR.65083

The following Theorem present some lineer summing formulas of generalized Tetranacci numbers
with positive subscripts.

Theorem 1.1. Forn > 0 we have the following formulas:

(@) Ifr+s+t+u—1+#0, then

n

— 91
ZWkir—&—s—&—t—i—u—l

k=0
(b) If(r—s+t—u+1)(r+s+t+u—1)#0then

©2

kZ:OW%: (r—s+t—u+1)(r+s+t+u—1)

() If(r—s+t—u+1)(r+s+t+u—1)#0then

ST 3
— 2kt (r—s+t—u+)(r+s+t+u—1)

where
@1:Wn+4—|—(1—T)Wn+3—|—(1—T—S)Wn+2+(1—7"—8—t)wn+1—W3+(T—1)W2+(’r’—|—
s—1)Wi+(r+s+t—1)Wy

02 = (1—s5—u)Wopnia+ (t+rs+ru)Wanir + (#2 —u? +rt — su+u)Wan + (ru -+ tu) Wan—1 —
(r4+t) Wa+(s+utrt+r2 —1)Wao (st — ru — t) Wi+ (r* —s2 +t2 + 25 +u+2rt —su—1)Wo
O3 = (r + t)Wanq2 + (—52 + 2 — w4+t —2su+ s+ wWWant1 + (t + 1u — st)Wap —
w(s+u—1)Wap—1+(s+u— D)Wz — (t+rs+ru)Wo+ (r> —s® +rt —su+2s+u—1)Wi —
u(r+1t)Wo

Proof. ltis given in Soykan [28].

The following Theorem present some linear summing formulas of generalized Tetranacci numbers
with negative subscripts.

Theorem 1.2. Forn > 1 we have the following formulas:
(@) Ifr+s+t+u—1+#0, then

ZW%:L
— r+s+t+u—1

(b) If(r—s+t—u+1)(r+s+t+u—1)#0 then

S -
Pt ek (r—s+t—u+1)(r+s+t+u—1)

() fr—s+t—u+1)(r+s+t+u—1)+#0then

S SM—
= 2k (r—s+t—u+)(r+s+t+u—1)

where
Os=—-W_ s+ —1)W_pjo+(r+s—1)W_ 1+ (r+s+t—1)W_p+ Wi+ (1—r)Wa+
I-r—sWi+(1-s—r—t)Wo
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Os = (s+u—D)Woopio— (t+rs+7u) Weoni1 + (r? =82 47t —su+2s +u — 1)W_g, —
w(r+ )W +(r+t)Wa+ (1 =12 —rt —s —uw)Wa+ (t+7u—st) Wi + (1 — 72 + 5% —
t2 —2rt 4 su — 25 — u)Wo

O = —(r+t)Weonio+ (2 +rt+s+u— D)Wogni1 + (st —t — ru)Woap, + (u® + su —
WW_ono1+ (1 —s—u)Ws + (t+ru+rs)Wa + (1 — 7% + 8% —rt + su— 2s — u)W1 +u(r +
t)Wo

Proof. Itis given in Soykan [28].

In this work, we investigate linear summation formulas of generalized Tetranacci numbers.

2 LINEAR SUM FORMULAS OF GENERALIZED TETRANACCI
NUMBERS WITH POSITIVE SUBSCRIPTS

The following Theorem present some lineer summing formulas of generalized Tetranacci numbers
with positive subscripts.

Theorem 2.1. Forn > 0 we have the following formulas:

(@) Ifr+s+t+u—1+#0, then

> kW = &l -
P (r+s+t+u—1)
(b) f(r+s+t4+u—1)(r—s+t—u+1)#0then

n q]
D kWar = 7 2
P (r+s+t+u—1)"(r—s+t—u+1)

() fr+s+t+u—1)(r—s+t—u+1)+#0then

- v
ZkW2k+1: 23 2
P (r+s+t+u—1)"(r—s+t—u+1)

where

Uy = (—n+2r4+s—utnr+ns+nt+nu—3)Wyis+(4r—n—t—2u—nr?4+2nr+ns+nt+nu—rs+
ru72r2fm'sfnrtfnru72)Wn+2+(2rfn+2372t73u7nr2fn52+2nr+2ns+
nt + nu — 2rs + rt + 2ru + su — r> —52—2nrs—nrt—nru—nst—nsu—1)Wn+1—|—
w(—n+3r+2s+t+nrd+ns+nt+nu—4) Wy +(u—s—2r+3)Wa+(—4r+t+2utrs—ru+2r24+2)
W2+(727’f2s+2t+3u+2rsfrtf2rufsu+r2+s2+1)W1+u(47257t73r)Wo

Uy = (25—n—|—u—|—nr2 —3ns?+nsd+nt? —3nu?+nu’ —r?s+st> —2r2u—2su® — s>u+3ns+3n
w—2rt — 5% — 2% + u? —u® — nr?s — nst® — nr?u + 3nsu? + 3ns?u — nt>u + 2nrt — 6nsu — 2r
tu—2nrst —2nrtu—1)Wapyo + (—2t+nt3 +2rs2 +r3s+r2t+2ru® +rud + 2r3u+ 2tu? — nt —
2rs—3ru+2st —t2 + 2nrs? —nrs® +nrd s+ 2nrt? + nr?t+ 2nru? — ns?t—nrud +nrdu—ntu® —
rst? 4+ 2rsu? +rs?u+2r2tu—nrs —nru+2nst+ 2ntu+ 4rsu+ 2stu+nrst? 4+ 2nr st — 3nrsu® —
3nrs?u + nrt?u + 2nrtu + dnrsu — 2nstu)Wany1 + (—2u — nt? + nt* + 3nu? — 3nu® + nut +
2+ r3t+4st2 +r2u—6su? —4s2u+ su® + sSu+t2u+2r2t? — 3r2u? — 22 4+ 25%u? —nu—2rt+
5su— 3t% +4u? — 2u3 + 3nrt® + nrdt + 2nst? + nr?u — 6nsu? — 3ns?u+ 3nsu® + nsdu+ 3nt?u —
2r2su—2rtu? +3nr?t? —nr?u? —ns?t? + 3ns?u® — 2nt?u? —nrit 4 3nsu+ 2rst —nrs?t —nrlsu—
3nrtu’ — 3nst>u + 2nrst + dnrtu — dnrstu)Wap +u(—2r — 3t + nrd +ntd +rt? + 2r%t 4 2ru? —
2t tu? —nr —nt+2rs+4st+ 2tu+ 12 —nrs? + 3nrt? + 3nrt — nru? — ns?t — ntu® 4+ 2nrs+
2nru+2nst+2ntu+2r5u72m"su72nstu)W2n_1+(fr372r2t72rsu72rsf*rt2 —2ru?+2r+

71



Soykan; AJARR, 15(1): 68-85, 2021; Article no.AJARR.65083

82t —dst —tu® — 2tu+ 3t)Ws 4 (=25 —u+3rs +2r3t — st* + 2r2u -+ 2su” + s2u 4 r2t% 4 2ru? —
rt—2r% 1t 4 5% 4267 —u? +u® —rs?t 4+ 2r2sut-rtu’ 4 drst +drtu 4+ 1) Wa + (2t — 2t — 2ru® 4
45%t —ru® — 2r3u— 3t — 2tu® + 3ru— st + £ + 2rst® + 2r2 st +rs2u— 2r3tu + stu® — drsu)Wh+
w(—5s — 4u+2r%s + 3r%u — su® — 2s%u + t2u+ 6su — 12 4+ 4s% — 53 412 4 20> 4 2rst + drtu + 2)
Wo
Uy = (—r— 2t +nrd +nt® +rs® — 2rt* — r?t + 3ru® + 2tu® — nr —nt — 2ru+ 2st —t3 —nrs® +
3nrt® + 3nr’t —nru? —ns®t —ntu® + 2nrs + 2nru 4 2nst 4+ 2ntu + drsu + 2stu — 2nrsu — 2nstu)
W2n+2+(3n52 —2u—s—3ns> —|—ns 4 nt?+nt*+3nu® —3nud +nut +rtd 3+ 2st2 +r2u—bHsu® —
45%u+t2u — r2s? + 2022 — 3r u? —ns —nu—2rt+ 6su+ 252 — s> — 362 + 4u? — 20> + nrs +
3nrtd + nrdt + 3nst? + nriu — Insu? — Ins?u + dnsu® + 4nsPu + 3nt?u — 4r?su — 2rtu? —
r2s% + 3nr?t? — nr2u® — 2ns?t? + 6ns?u? — 2nt*u? — nrt 4+ 6nsu — 3nrs’t — 2nrlsu — 3
nrtu? — dnst?u + 4nrst + dnrtu — 2rstu — 6nrstu)Wany1 + (—t + nt® — 2rt? — %t + 2ru® +
st3 4+ r3u + 3tu? — nt — 2ru + 2st — 2tu — 262 + 2nrt? + nrt + 2nru? — 3ns?t — nru® — nst® +
nriu4nst — ntu® — r2st + 2rsu® — rt?u — 2stu® — 2s*tu — nru + 3nst + 2ntu + 2rsu + 4stu —
2nrst? —nr?st — 2nrsu? — nrs?u+ nrt?u+ 2nr2tu + nstu? + 2ns?tu + 2nrsu — 4nstu)Wgn +u
(25 —n+u+nr? —3ns? +ns® +nt? — 3nu? +nud — ris 4+ st? — 2r%u — 2su® — s>u+ 3ns +3n
w—2rt — 5% — 2% + u? —u® — nr?s — nst® — nr?u + 3nsu? + 3ns?u — nt>u + 2nrt — 6nsu — 2r
tu—2nrst —2nrtu—1)Wap—1+(—2s— u+r2s—st? +2r2u+2su? + s2u+2rt+ s + 22 —u? +
u +2rtu + 1)Ws + (2t — 2rs® — r3s — r2t — 2ru® — ru® — 2r3u — 2tu® + 2rs + 3ru — 2st + 3 +
rst® —2rsu® —rs?u—2ritu—4rsu—2stu) Wa + (2u—rt® — 13t — 4st® —r?u+6su® +4su— su® —
83w —t2u — 2727 + 3r2u? + 5% — 25%u? + 20t — 5su+ 3t — du® + 203 4 2r?su 4 2rtu® — 2rst)
Wi + u(—r3 — 272t — 2rsu — 2rs — rt? — 2ru® + 2r + s%t — 4st — tu® — 2tu + 3t)Wo

Proof.
(a) Using the recurrence relation

Whn =rWho1 + sWho +tWi_3+uWy_4

i.e.
uWp_a =Wy — Wy — sWy_o —tW,,_3
we obtain
uxX0OxWy = O0xWi—rx0xWs—sx0xWy—tx0xW;
uX1IxW; = 1xWs—rx1xWy—sx1xWs—tx1xW,
uX2xWy = 2xXxWeg—rX2XxWs5—sx2xWs—tx2xW;s
uX3IXxWs = IXWr—rx3xWsg—sx3xXxWs—1tx3xWy

n—4OW, —r(n — 4)Wp_1 — s(n — 4)Wp_2 — t(n — 4)W,_3

W= OWas = (n—4)
un —=3)Wy_z = (n—3)Wpy1—1(n—3)W,, —s(n —3)Wp_1 —t(n — 3)Wp_2
uln —2)Wp_2 = (n—=2)Wypio —r(n—2)Wyhy1 — s(n — 2)W, —t(n — 2)W,_1
un—1)Wnr1 = (n—1)Whys—7(n—1)Wpi2 —s(n — D)Wyt —t(n — 1) W,
uxXxnxXW, = nXWppa—rXnXWyis—sxnXWpia—txnx Wpi

If we add the equations side by side (and using Theorem 1.1 (a)), we get (a)
(b) and (c) Using the recurrence relation

Whn =rWho1 +sWho +tWi_3+uWp_4

TWn—l = Wn - SWn—Z - th—3 - UWn—4
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we obtain
rx1IxWs = 1xWi—sx1IxWe—tx1xW—ux1lxW,
rx2xWs = 2xWeg—sxX2xWs—tx2xWs3—ux2xWs,
rx3xW; = 3xWg—sx3xWsg—tx3xWs—ux3xWy
rx4dx Wy = 4dxWipp—sx4dxWsg—tx4dx Ws—ux4xWs
T'(nfl)Wzn_l = (TL*l)Wgnfs(nf 1)W2n_2 7t(n* 1)W2n—3 *U(n* 1)W2n_4
rmWapny1 = nWappo — snWay — tnWay—1 — unWay, 2
T(TL+1)WQn+3 = (Tl—|—1)W2n+4 —8(n—|—1)W2n+2 —t(n+1)W2n+1 —u(n—i—l)WQn

Now, if we add the above equations side by side, we get

T'(*O x Wy + ikW2k+l) = (nW2n+2 —0x Wy — (71)WO =+ Z(k - 1)W2k) (21)

k=0 k=0

—s(—0 x Wo + Z EWar) — t(—(n+ 1)Wapni1 + Z(k + 1)Waky1)
k=0 k=0

—u(—(n+1)Wan + Zn:(k + D)War)

k=0
Similarly, using the recurrence relation
Wn = Tanl + SWTL72 + th73 + ’U/anél

i.e.
TWn—l = Wn - SWn—Z - th—3 - UWn—4
we write the following obvious equations;

rxX1IxW, = 1xWs—sx1xW;—tx1xWy—uxlxW_,
rx2x Wy = 2xWs—sX2xW3—tx2xWe—ux2xW;
rX3xWsg = 3XWr—sXx3XWs—tXx3xWs—ux3xWs
rXx8XxWg = 4dXWg—sX8XWr—tx8XWsg—ux8xWs
r(n—1)Wap_o = (n—1)Wap_1 —s(n—1)Wap_g —t(n — 1)Wap_a — u(n — 1)Wan_s
rmWan = nWany1r — snWop_1 —tnWap_o — unWap_3
r(n+1D)Wanye = (n+1)Wangs —s(n+ 1)Wapgp1 —t(n+ 1)Way, —u(n+ 1)Wap—1

Now, if we add the above equations side by side, we obtain
r(=0x Wo+ Y kWar) = (=0x Wi+ Y kWarp1) = s(=(n+ 1)Wang1 + Y (k+1)Wakt1)
k=0 k=0 k=0

—t(—(n + 1)W2n + i(k + I)ng) — u(—(n + 2)W2n+1
k=0

—(n+ 1) Wop—1+1xW_1+ Z(k + 2)Wagy1)
k=0
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Since y 1
Wi = —~Wo— Wi — ZWs + — W5
u u u u
we have
T(Z EWar) = (Z EWapy1) — s(=(n 4+ 1)Wany1 + Z EWakq1 + Z Wary1) (2.2)
k=0 k=0 k=0 k=0
—t(=(n+1)Wa, + Z kWay, + Z Wak)
k=0 k=0
—u(—(n+2)Wapt1 — (n+ 1)Wap—1
t s r 1 = -
_ _ 2 - = = k 2 .
+( uWO qu qu + uW3) + ;} Wakt1 + kZ:OW2k+1)

Then, solving the system (2.1)-(2.2) (using Theorem 1.1 (b) and (c)), the required result of (b)
and (c) follow.

Takingr = s =t = u = 1in Theorem 2.1 (a) and (b) (or (c)), we obtain the following proposition.
Proposition 2.1. Ifr = s =t =wu =1 then forn > 0 we have the following formulas:

@ 7 o kWi = 1((3n — 1) Wass—3Wiso—(3n + 2) Wat1+(3n + 2) Wi+ Ws+3Wa+2W1 —2W5).

(b) EZ:O EWsy = é(—(Sn—i— 10)W2n+2 =+ (9n—|— 15)W2n+1 + (3n — Q)Wgn + (6n+ 11)W2n_1 —11W3+
21Wy — 4W; + 13Wo).

(c) ZZ:O kWapi1 = é((6n+5)W2n+2 —12Want1+(Bn+1)Wa, — (3n+10)Way—1 + 10W3 — 15Wo —
11Wy + 2W1).

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M,, with My =0, M; =1, M2 = 1, M3 = 2).

Corollary 2.2. Forn > 0, Tetranacci numbers have the following properties.

(a) ZZ:O kM = %((Bn — 1) Mny3 —3Mpt2 — (3n+ 2) Mpt1 + (3n + 2) M, + 7).

(b) Yi o kMak = 5(—(3n+ 10)Many2 + (9n + 15) Moy + (3n — 2) Moy + (61 4 11) Man—1 — 5).
(€) >op_okMaki1 = 5((6n + 5)Many2 — 12Mapni1 + (3n + 1)Man — (3n 4+ 10)Man 1 + 7).

Taking W,, = R,, with Rp = 4, R1 = 1, R2 = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 2.3. Forn > 0, Tetranacci-Lucas numbers have the following properties.

@) X okRr = 2((3n — 1) Ruts — 3Rns2 — (3n+2) Ruy1 + (3n +2) Ry, + 10).

(b) S¢_o kRak = 5(—(3n + 10)Ronsa + (9n + 15) Rony1 + (3n — 2) Ron + (61 + 11) Rop—1 + 34).
(©) i o kRokt1 = $((6n+5)Ranta — 12Rons1 + (3n+ 1)Ran — (3n + 10)Ran—1 — 17).
Takingr =2,s =t =wu = 11in Theorem 2.1 (a), (b) and (c), we obtain the following proposition.
Proposition 2.2. Ifr =2,s =t =u = 1 then forn > 0 we have the following formulas:

@ >r kWi = 35 ((4n+ 1)Wais — (4n+5)Waya — (8n 4+ 2)Way1 + (4n + 5)W, — Wa + 5Ws +
2, — 5Wy).

(b) EZ:O kWop = i(—(Sn =+ 23)W2n+2 =+ (40n + 51)W2n+1 + (16’/1 — Z)Wzn + (24n + 29)W2n,1 —
29Ws3 + 81Wo — 22W1 + 31Wo).
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(C) ZZ:O kW2k+1 = 6%1((24” + 5)W2n+2 + (877, — 25)W2n+1 + (1671 + G)Wzn — (8n + 23)W2n71 +
23Ws3 — 51Wsa + 2W;p — 29W0).

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-
order Pell numbers (take W,, = P, with P, =0, P, = 1, P, = 2, P; = 5).

Corollary 2.4. Forn > 0, fourth-order Pell numbers have the following properties:

(@ > p_okPr=15((4n+1)Poys — (4n+5)Poya — 8n+2)Poy1 + (4n+5)P, + 7).
(b) ZZ:O k‘PQk = 6714(_(877‘ + 23)P2n+2 + (4071 + 51)P2n+1 + (1671 — 2)P2n —|— (2477, + 29)P2n_1 — 5)
(C) ZZ:O kP2k+1 = 6—14((2471 + 5)P2n+2 + (8n — 25)P2n+1 + (1677, + G)Pzn — (8” + 23)P2n_1 —+ 15).

Taking W,, = Q. with Qo = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 2.5. Forn > 0, fourth-order Pell-Lucas numbers have the following properties:

(a) Zzzo ka = Tls((4n + 1)Qn+3 - (471 + 5)Qn+2 - (877/ + 2)Qn+1 + (47’l + 5)Qn - 3)
(b) EZ:O k‘sz = &(—(871 + 23)Q2n+2 =+ (4071 + 51)Q2n+1 + (1677, — Q)an + (24n + 29)Q2n—1 + 73)
(€©) Yh_okQar+1 = 55((24n +5)Q2nt2 4+ (8n — 25)Qant1 + (161 + 6)Q2n — (87 + 23)Q2n—1 — 27).

fr=1s=1t=1u=2then (r+s+t+u—1)(r—s+t—u+1) = 0 so we can’t use
Theorem 2.1 (b) and (c), directly.

Proposition 2.3. Ifr =1,s =1,t = 1,u = 2 then forn > 0 we have the following formula:

= 1
> kWi = 16 ((4n = 2)Wass —AWiiz — (40 +2)Woss +2(4n +2)Wo +2Ws + AW, +2W3 — 4Wo).
k=0

Taking W,, = J, with Jo = 0,J1 = 1,J2 = 1,J3 = 1 in the last proposition, we have the following
corollary which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 2.6. Forn > 0, fourth order Jacobsthal numbers have the following property:

= 1
> k= 176((4n = 2) s — 4Jnio — (40 +2)Jus1 +2(40 +2)Jn +8).
k=0

From the last proposition, we have the following corollary which gives linear sum formula of fourth
order Jacobsthal-Lucas numbers (take W,, = j, with jo = 2,j1 = 1, j2 = 5, js = 10).

Corollary 2.7. Forn > 0, fourth order Jacobsthal-Lucas numbers have the following property:

~ 1 . . . .
g kjr = T6((4n — 2)jn+s — 4jnto — (4n + 2)jnt1 + 2(4n + 2)jn + 34).
k=0

Taking W,, = K,, with Ko = 3, K1 = 1, K> = 3, K3 = 10 in the last proposition, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.

Corollary 2.8. Forn > 0,modified fourth order Jacobsthal numbers have the following property:

> kKi = %((zm —2)Knis — 4K 1o — (4n +2) Ky + 2(4n + 2) K, + 22).
k=0
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From the last proposition, we have the following corollary which gives linear sum formula of fourth-
order Jacobsthal Perrin numbers (take W,, = @, with Qo = 3,Q1 =0,Q2 = 2,Q3 = 8).

Corollary 2.9. Forn > 0, fourth-order Jacobsthal Perrin numbers have the following property:
- 1
> kQx = 16 (47 = 2)@nt3 — 4Qni2 — (4n + 2)Qny1 + 2(4n + 2)Qn + 12).
k=0

Taking W,, = S,, with Sp = 0,51 = 1,52 = 1,53 = 2 in the last proposition, we have the following
corollary which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 2.10. Forn > 0, adjusted fourth-order Jacobsthal numbers have the following property:
Z kS, = %6((471 —2)Snt3 — 4Sny2 — (An+2)Sny1 + 2(4n + 2)S, + 10).
k=0

From the last proposition, we have the following corollary which gives linear sum formula of modified
fourth-order Jacobsthal-Lucas numbers (take W,, = R,, with Ry =4, Ry =1, R; = 3, R3 = 7).

Corollary 2.11. For n > 0, modified fourth-order Jacobsthal-Lucas numbers have the following
property:

> kR = 1—16((471 — 2 Ruys —4Rni2 — (4n+ 2)Ruy1 + 2(4n + 2)R,, + 12).
k=0

Taking r =2,s = 3,t = 5,u = 7in Theorem 2.1 (a), (b) and (c), we obtain the following proposition.
Proposition 2.4. Ifr =2,s =3,t = 5,u = 7 then forn > 0 we have the following formulas:

@) S0 kWi = 5= ((16n—3) Wy — (16n+13)Wipo — (641 — 12) W1 +7(16n 4 13) Wy +3Ws +

256

13W5 — 12W; — 91Wp).

(b) Yh o kWar = 1557 ((288n—851)Wap 12 — (8001 —2627) Wan 1 + (8960 — 436) Way, — 7(224n—701)
Won—1 — 701W3 + 2253Ws — 524W1 + 3941Wo).

(€) 7o kWari1 = 1o (—(224n—925)Way 12+ (17600 —2989) Wan 1 — (1280 —652) Way, 47(288n —

1024

851)Wap_1 + 851 W3 — 2627Ws + 436W, — 4907Wo).

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G,, with Go = 0,G1 = 0,G2 = 1,G35 = 2).

Corollary 2.12. Forn > 0, 4-primes numbers have the following properties:

(@) >p_okGr = 555 ((161n — 3)Grnys — (16n + 13)Gri2 — (64n — 12)Gri1 + 7(16n + 13)Gy + 19).

(b) S0 kGax = = ((288n—851)Gan 2 — (800m — 2627)Gan 41 + (8961 — 436)Gay — 7(224n — T01)
G2n71 + 851)

(€) S0y kGaksr = o (—(224n—925)Ganso + (17600 — 2989) Gap i1 — (12810 —652) Gy, +7(288n —

1024

851)Gan—1 — 925).

Taking W,, = H,, with Hy = 4, H, = 2, H>» = 10, H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 2.13. Forn > 0, Lucas 4-primes numbers have the following properties:

@ X7 o kHi = 555 ((16n — 3)Hpys — (160 + 13) Hyz — (64n — 12) Hogr + 7(16n + 13) H,, — 135).

76



Soykan; AJARR, 15(1): 68-85, 2021; Article no.AJARR.65083

(b) i o kHar = 1557 ((288n—851) Hap 42 — (800n — 2627) Hapy1 + (8961 — 436) Hayp — 7(224n— 701)
H2n—1 + 8505)

(€) >p_okHokt1 = o597 (—(224n—925) Hapyo + (1760n —2989) Hap 41 — (1281 — 652) Ha, + 7(288n —
851)Hap—1 — 10135).

From the last proposition, we have the following corollary which gives linear sum formulas of modified

4-primes numbers (take W,, = E,, with Ex = 0,FE1 =0,FE; =1, E3 = 1).

Corollary 2.14. Forn > 0, modified 4-primes numbers have the following properties:

(@) Yp_okEr = 555 ((16n — 3)Enys — (16n + 13)Enyy — (64n — 12)Enyy + 7(16n + 13)E,, + 16).

(b) i o kEak = 1557 ((288n—851) Eany 2 — (800n — 2627) Eapi1 + (896n — 436) By — 7(224n — 701)
FEap_1 + 1552).

(€) S0y kEagi1 = o (— (2240 — 925) Bap 2+ (17600 — 2989) Esy s 1 — (1281 — 652) Eap, + 7(288n —

1024

851) Ban—1 — 1776).

3 LINEAR SUM FORMULAS OF GENERALIZED TETRANACCI
NUMBERS WITH NEGATIVE SUBSCRIPTS

The following Theorem present some linear summing formulas of generalized Tetranacci numbers
with negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas:

(@) Ifr+s+t+u—1+#0, then

= \IJ
> kW = : .
et (r+s+t+u—1)

(b) fr+s+t+u—1)(r—s+t—u+1)+#0then

~ U

E kKW _gp, = 25 2
— r+s u — r—s — U

pat (r+s+t+ 1)°( +t +1)

() fr+s+t+u—1)(r—s+t—u+1)+#0then

. T
ZkW—2k+1: 26 2
Pt (r+s+t+u—1)"(r—s+t—u+1)

where

Uy = (n+2r+37ufnrfnsfntfnuf?x)anjL:s+(n+4r7t72u+nr2 —2nr —ns —
nt —nu —rs +ru — 2r2 +nrs+nrt+nru—2)W_pio + (n+2r+2s—2t—3u+nr2 +ns? —
2nr — 2ns — nt — nu — 2rs + 7t + 2ru 4+ su — 2 — % + 2nrs + nrt + nru + nst + nsu — 1)
W_nt1+ (n—4u+ nr? +ns? +nt? — 2nr — 2ns — 2nt — nu + 3ru + 2su + tu + 2nrs + 2nrt +
nru+ 2nst +nsu 4+ ntu)W_,, + (u —s —2r +3)Ws + (—4r+t+2u+rs —ru+2r7 4+ 2)Ws +
(—2r — 25 4+ 2t + 3u 4 2rs — 1t — 2ru — su 4+ 72 + 5% + D)W +u(4 — 25 — t — 3r)Wp

U5 = (n42s+u—nr’+3ns> —ns® —nt® +3nu? —nu® —r?s4st® —2ru—2su® — s*u—3ns—3nu—
2rt—s? =262+ u? —ud 4+ nr?s+nst? +nriu—3nsu® —3ns utnt?u—2nrt+6nsu—2rtu+2nrst+
2nrtu—1)Wognio+(2rs® —nt® —2t+r3s+r2t+2ru? +rud 4+ 2r3u+-2tu? +nt —2rs — 3ru+2st —
t3 —2nrs? +nrs® —nrds — 2nrt? — nr?t — 2nru? + ns?t + nru® — nrdu 4 ntu? — rst? + 2rsu® +
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rs2u+2rltutnrs+nru—2nst—2ntut4rsu+2stu—nrst? —2nr? st+3nrsu® +3nrsu—nrt>u—
2nrtu—Anrsu+2nstu)W_on i1+ (n—2u—2nr2 +nrt +6ns® —4ns® +ns* —nt? +3nu? —nu®+
2 +r3t4+-4st? +r2u—6su’ —4s2u+ su + sPu+t2u+2r2? — 3r2u? — s2t2 + 252w —dns— 3nu—
2rt+5su—3t2+4u? —2ud +4nr?s+nrtd +3nr3t+2nst> +3nr2u—6nsu? —Ins u+nsu +3nsu+
nt?u—2r? su—2rtu® —2nr?s® 4+ 3nr2t? —nr?u?® —ns*t? + 3ns?u® — 3nrt+9nsu+2rst — 3nrs’t—
3nr?su—nrtu? —nst>u+6nrst+4dnrtu— dnrstu)W_on +u(—2r —3t— nrd —ntd +rt? +2r% +
2ru? — st tu +nr4+nt+2rs+4st+2tu+r +nrs? —3nrt? —3nrt+nru +ns?t+ntu® —2nrs—
2nru—2nst —2ntu+2rsu4-2nrsu-t-2nstu) Weon 1 + (=13 —2r2t —2rsu—2rs —rt> — 2ru® +2r+
82t —dst —tu® — 2tu+3t)Wa ++(—25 —u-+3r2s+2r°t — st 4+ 2r2u+ 2su® + su+r2t? - 2r2u? —
rt—2r2 +rt 452 4212 — 0 Fud —rs®t+ 2r2su -+ rtu® 4 drst - drtu 4+ 1) Wo + (26 — 2t — 2ru® +
482t — ru® — 2r%u — st — 2tu® + 3ru — 5st + t* 4 2rst? + 2r% st + rs®u — 2r’tu + stu® — drsu)
W1 +u(—5s—4u+2r23+3r2u—su2 —28%u+t2u+6su—r2+4s2—s3+t2 4202 +2rst+4rtu+2)Wy
Pe = (7‘32 —2t—mr® —nt® —r—2rt? —r?t+ 3ru® + 2tu + nr+nt— 2ru+2st — 2 +nrs® — 3nrt? —
3nrit + nru? + ns’t + ntu® — 2nrs — 2nru — 2nst — 2ntu + 4rsu + 2stu + 2nrsu + 2nstu)
W_ont2+(n— s—2u—2nr’+nr*+3ns®>—ns® —nt? +3nu? —nud +rid+r3t+2st? +r2u—5su? —4
S2u+t2u — r2s% + 2022 — 3r2u? — 3ns — 3nu — 2rt + 6su + 252 — $% — 32 + 4u? — 20 + 3n
r2s + nrt® + 3nrdt + nst® 4+ 3nr?u — 3nsu? — 3ns?u + nt?u — 4r?su — 2rtu® — nr?s® + 3n
r?t? — nr?u® — 3nrt 4 6nsu — nrs®t — 2nr?su — nrtu® + dnrst + dnrtu — 2rstu — 2nrstu)
W_ont1+ (2ru3 —ntd —2rt? — %t —t+ st? +r3u—+ 3tu? + nt — 2ru+ 2st — 2tu— 263 — 2nrt? —nr?
t — 2nru? + 3nst + nru® + nst® — nrdu — ns3t + ntu® — r2st + 2rsu® — rt?u — 2stu® — 252
tu 4+ nru — 3nst — 2ntu + 2rsu + 4stu + 2nrst® + nrist + 2nrsu? + nrs?u — nrt?u — 2nr?
tu — nstu? — 2ns?tu — 2nrsu+ 4nstu)W,2n + u(n +2s+u—nr?+3ns? —ns® —nt? + 3nu® —
nu® —r2s+st? — 2r2u—2su? — s2u—3ns—3nu—2rt — s2 — 22 +u? —ud +nris+nst> +nriu—
3nsu? — 3ns?u + nt?u — 2nrt + 6nsu — 2rtu + 2nrst + 2nrtu — DW_opn_1+(—2s—u-+ r’s —
st? 4 2r2u+ 2su” + s2u 4 2rt + 5% 4267 —u® +ud + 2rtu 4 1) Wi+ (2t — 2rs® —1r3s — 12t — 2ru? —
rud —2r3u — 2tu® + 2rs 4+ 3ru— 2st + 13 4 rst? — 2rsu® —rs?u— 2r?tu — drsu — 2stu) Wa + (2u —
rtd — 3t — 4st? — r?u+ 6su? + 4s%u — su® — sPu — t2u — 2r%% + 320 + $2t% — 252w 4 20t —
5su+3t% — du? +2u® +2r? su+ 2rtu® — 2rst) Wi +u(—r3 — 2r2t — 2rsu—2rs —rt* — 2ru® 4+ 2r +
5%t — 4st — tu® — 2tu + 3t)Wo

Proof.
(a) Using the recurrence relation

W7n+4 - TW7n+3 + SW7n+2 + th'rH»l + Uan

i.e.
uW_p =W_pia —rW_pys — sW_pnyo —tW_n11
we obtain
unW_, = nW_ppa—rnW_ni3 —snW_nio —tnW_ 11
un—1W_pt1 = (n—DW_pis —r(n—1D)W_pia —s(n — 1)W_pi43 —t(n — 1)W_ 40
un—=2)W_pnio = (n—=2)W_pny6—r(n—=2)W_pni5 —s(n —2)W_pju —t(n —2)W_p 43
uXS5XW_s = HBXW_1—rXbXW_g—sXxbXxW_3—tx5xW_y
uX4dXxW_oy = 4dXWo—rx4dXW_1—sx4dxW_g—-tx4dxW_3
uX3xXxW_3 = 3IXWi—rx3xWy—sx3IxW_1—tx3xW_y
UX2XW_og = 2xWo—rx2xW; —sx2xWy—tx2xW_4
uX1xW_1 = 1xWs—rx1lxWe—sx1xW;—tx1xW,.

If we add the above equations side by side (and using Theorem 1.2 (a)), we get (a)
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(b) and (c) Using the recurrence relation

W7n+4 = errH»S + 3W7n+2 + thnjtl +uW_,

thnﬁ»l = W7n+4 - TanJfB - 3W7n+2 - ’U,W7n
we obtain
thW_ont1 = nW_onta —rnW_onis — snW_onio — unW_o,

t(n — 1)W_2n+3 (n — 1)W—2n+6 — T(n — I)W_2n+5 — S(’I’L — 1)W_2n+4 — u(n — 1)W_2n+2
t(?’b — 2)W-2n+5 (n — 2)W_2n+8 — 7"(71 — Q)W_2n+7 — S(TL — 2)W—2n+6 — u(n — Z)W_2n+4

t(’I’L— 3)W_2n+7 = (n— 3)W_2n+10 —r(n— 3)W_2n+9 — 5(77,— 3)W_2n+g —u(n—3)W_2n+6
tXx3XW_s = 3XW_o—1rx3xW_3—sx3xW_y4—ux3xW_g
tXx2xXxW_g = 2XxXWo—rx2xW_1—sx2xW_o—ux2xW_y4

tx1xW_,

IxWoe—rx1xWy—sx1xWy—ux1xW_s.

If we add the above equations by side by, we get
tZkW—QIH—I = (—(n+1)W_snt2 — (n+2)W_op + 2 X W0+W2+Z(k+2)W_(3k])
k=1 k=1

_T(_(n + 1)W—2n+1 + Wl + Z(k + 1)W72k+1)

k=1

—5(—(n + 1)W72n + Wo + zn:(k + 1)W72k) — u(zn: k‘ngk).
k=1 k=1

Similarly, using the recurrence relation

W7n+4 = TW7n+3 + SW7n+2 + th'rH»l + ’U/W7n

tWon =Wonts —rWepnyo —sWeopnipr —uW_pna
we obtain
tnW_o, = nW_onyz —rnW_onio —snW_oni1 —unW_o,_1

t(’I’L — 1)W_2n+2 (n — 1) X W_2n+5 — rt(n — 1)W_2n+4 — st(n — 1)W_2n+3 — ut(n — 1)W_2n+1
t(n — 2)W72n+4 (n — 2) X W72n+7 — r(n — Q)W—2n+6 — s(n — 2)W72n+5 — u(n — 2)W72n+3

t(n—S)W,2n+6 = (n—3) X W,2n+9—r(n—3)W,2n+g—s(n—3)W72n+7—u(n—3)W,2n+5
tx4dxW_g = 3XW_sg—rx4dxW_g—sx4dxW_r—ux4xW_g
tx3xW_g = 3XW_g—rx3xW_y—sx3xW_s5—ux3xW_7
tx2xW_oy = 2xW_1—rx2XW_9—8sx2xW_3—ux2xW_;
tx1xW_o = 1xWi—rx1IxWy—sx1xW_1—ux1xW_3
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If we add the above equations by side by, we get

tZkW—Qk (—(n+1)W_gni1+1x W1 + Z(k + 1)W_2k41)
k=1

k=1

—r(=(n+ D)Woon + 1 x Wo + > _(k+ 1)W_2;)
k=1

—S(Z kW_2k+1) — u(nW,anl —0x W_1+ Z(k — 1)W_2k+1).
k=1 k=1
Since . 1
Woi=——Wp— le - ZW2 + —Ws
u u u U
it follows that

tz EW_9, = (—(n+1)W_gny1 +Wi + Z(k + D)W_2k+1) (3.2)
k=1 k=1

—r(—=(n+ 1)W_zn + Wo + f:(k + 1)W_ok)

k=1

—S(Z EW_ok41) —u(nW_gn_1 + Z(k — DW_2k41).
k=1 k=1

Then, solving system (3.1)-(3.2) (using Theorem 1.2 (b) and (c)), the required result of (b) and
(c) follow.

Takingr =s =t =wu = 1in Theorem 3.1 (a), (b) and (c), we obtain the following proposition.
Proposition 3.1. Ifr = s =1t = =1 then forn > 1 we have the following formulas:

@ >p kW =35(=Bn+ )W iz —3W_nio+ (B3n—2)W_p 1 + (6n+2)W_,, + Wz + 3Wa +
2W, — 2Wo).

(b) > kW ok = §((3n = 10)W_2ny2 — (9In — 15)W_gp11 + (6n — 2)W_9n — (6n — 11)W 9, 1 —
11Ws 4 21Ws — 4W7 + 13W).

() >or kW opy1 = %(—(Gn— SYW_ont2+(In—12)W_2,41—Bn—1)W_2p+(3n—10)W_2,—1+
10W3 — 15Ws + 2W, — 11W).

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M,, with My =0, M; = 1, M> = 1, M3 = 2).

Corollary 3.2. Forn > 1, Tetranacci numbers have the following properties.

(@ >p_ kM_j=3(=(Bn+1)M_ny3 —3M_nio+ (3n —2)M_pp1 + (6n +2)M_p, + 7).
(b) > kM _or = ((3n—10)M_2n42— (In—15)M _2n 11+ (6n—2)M_35, — (6n—11)M_3, 1 —5).
(C) ZZ:I kM72k+1 = é(—(Gn—5)M_2n+2+(9n—12)M_2n+1—(Sn—l)M_2n+(3n—10)M_2n_1+7).

Taking W,, = R, with Ry = 4, Ry = 1, R2 = 3, R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 3.3. Forn > 1, Tetranacci-Lucas numbers have the following properties.

(a) ZZ:I kR_y = é(*(fﬂn +1)R_pnt3 —3R_nt2+ (3n—2)R_pny1 + (6n+ 2)R_,, + 10).
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(b) >i_ kR o = 5((3n—10)R _2n12— (In—15)R 2n11+ (6n—2)R_2, — (6n—11)R 2,1 +34).
(€) >r_kR_okq1 = é(f(6n75)R72n+2+(9n712)R72n+1f(3n71)R,2n+(3n710)R,2n,1717).

Takingr =2,s =t =wu = 11in Theorem 3.1 (a), (b) and (c), we obtain the following proposition.
Proposition 3.2. Ifr =2,s =t =wu =1 then forn > 1 we have the following formulas:

(a) Zzzl kW_i = TIG(—(ZLN — 1)W_n+3 + (47’L — 5)W_n+2 + (Sn — Q)W_".H + (1271—1— 5)W_n —Ws+
5Wo + 2Wy — 5W()).

(b) ZZ:l kW,gk = é((Sn—23)W_2n+2—(40n—51)W_2n+1+(48n—2)W_2n—(24n—29)W_2n_1—
29W3 + 81Ws, — 22W4 + 31W).

(C) ZZ:I kW72k+1 = é(—(24n — 5)W_2n+2 + (5677, — 25)W_2n+1 — (1671 — 6)W_2n + (871 —
23)W72n71 + 23W3 — 51Ws + 2W, — 29W0).

From the last proposition, we have the following corollary which gives linear sum formulas of fourth-
order Pell numbers (take W,, = P, with P, =0, P, = 1, P, = 2, P; = 5).

Corollary 3.4. Forn > 1, fourth-order Pell numbers have the following properties:
(@ >p_ kP =3%(—(An—1)P_nis+ (4n—5)P_nia+ (8n — 2)P_pny1 + (12n+5)P_, + 7).

(b) EZ:l k‘Pka = 6*14((87’1,—23)}3_27“;_2—(4071—51)P—2n+1+(487’L—2)P_2n—(2471—29)P_2n_1 —5)

(€) > p 1 kPooki1 = g5 (—(24n—5)P_2n 12+ (56n—25)P_2n 41— (16n—6)P_2n +(8n—23) Py 1+
15).

Taking W,, = Q,, with Qo = 4,Q1 = 2,Q2 = 6,Q3 = 17 in the last proposition, we have the following
corollary which presents linear sum formulas of fourth-order Pell-Lucas numbers.

Corollary 3.5. Forn > 1, fourth-order Pell-Lucas numbers have the following properties:

(a) ZZ:l kQ*k = %(_(471 - 1)Q7n+3 + (4n - 5)Q77L+2 + (8n - 2)Q7n+1 + (12n + 5)Q*n - 3)~

(b) Y kQ 2r = 5 ((8n—23)Q _2n12— (40n—51)Q _2n 11+ (480 —2)Q —2n — (240 —29)Q —2n 1 +
73).

(€) 37 1 kQ-2k41 = g5 (—(24n—5)Q 212+ (56n—25)Q—2n41— (16n—6)Q—2n+(8n—23)Q_2n—1—
27).

fr=s=t=1Lu=2then(r+s+t+u—1)(r—s+t¢t—u+1)=0sowecan'tuse Theorem 3.1
(b), (c), directly.

Proposition 3.3. Ifr = s =1t =1,u = 2 then forn > 1 we have the following formula:

_ 1
S kWi = 16 (CAnE2Won s =AW o+ (4n—2)W o1+ (8n-+4) W+ 2Wa+AW+2W1 —4Wo).
k=1

Taking W,, = J,, with Jo = 0,J; = 1,J2 = 1,J3 = 1 in the last proposition, we have the following
corollary which presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 3.6. Forn > 1, fourth order Jacobsthal numbers have the following property
. 1
D> kJ o= 76 ("W +2)nps — 4 npz + (40 = 2)Tnpa + (80 + 4)Jn +8).
k=1
From the last proposition, we have the following corollary which gives linear sum formulas of fourth

order Jacobsthal-Lucas humbers (take W,, = j, with jo = 2, j1 = 1, j2 = 5, j3 = 10).

81



Soykan; AJARR, 15(1): 68-85, 2021; Article no.AJARR.65083

Corollary 3.7. Forn > 1, fourth order Jacobsthal-Lucas numbers have the following property

“L 1 . . . .
> ki = 1*6(*(4" +2)j-n+3 — 4jont2 + (4n — 2)jns1 + (8n +4)j—n + 34).
k=1

Taking W,, = K,, with Ko = 3, K1 = 1, K2 = 3, K3 = 10 in the last proposition, we have the following
corollary which presents linear sum formula of modified fourth order Jacobsthal numbers.

Corollary 3.8. Forn > 0,modified fourth order Jacobsthal numbers have the following property:
< 1
> kK = 175(—(@ +2)K_pi3 — 4K _pio+ (4n —2)K_pny1 + (8n + 4)K_,, + 22).
k=1

From the last proposition, we have the following corollary which gives linear sum formula of fourth-
order Jacobsthal Perrin numbers (take W, = Q. with Qo = 3,Q1 =0,Q2 = 2,Q3 = 8).

Corollary 3.9. Forn > 0, fourth-order Jacobsthal Perrin numbers have the following property:

> kQoy = %(*(4” +2)Q-nt3 —4Q -ni2 + (4n = 2)Q-ni1+ Bn+4)Q-n +12).
k=1

Taking W,, = S,, with Sp = 0,51 = 1,52 = 1,53 = 2 in the last proposition, we have the following
corollary which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 3.10. Forn > 0, adjusted fourth-order Jacobsthal numbers have the following property:
= 1
> kS = T6("(4n+2)S nys =4S nia + (40— 2)Sni1 + (8n+4)Sn + 10).
k=1

From the last proposition, we have the following corollary which gives linear sum formula of modified
fourth-order Jacobsthal-Lucas numbers (take W,, = R,, with Ro =4, Ry = 1, Ro = 3, R3 = 7).

Corollary 3.11. For n > 0, modified fourth-order Jacobsthal-Lucas numbers have the following
property:

" 1
> kR = T6(~(4n+2)Ronis — 4R ni2 + (40— 2R ni1 + (80 + 4R +12).
k=1

Taking r = 2,s = 3,t = 5,u = 7in Theorem 3.1 (a), (b) and (c), we obtain the following proposition.

Proposition 3.4. Ifr =2,s=3,t =5,u = 7 then forn > 0 we have the following formulas:

(@ Yp_ kW_i = 5 (—(16n + 3)W_pnqs + (16n — 13)W_ppo + (64n + 12)W_p 41 + (144n + 91)

256

W_n +3Ws3 + 13W5 — 12W; — 91W0).

(b) 7, kW_op = 1oz (—(288n + 851)W_snt2 + (8000 + 2627)W_z,41 + (128n — 436)W_2,, +
7(224n + T01)W_o,—1 — T01W3 + 2253Wa — 524W; + 3941Wy).

(€) S, kWoapsr = 1057 (2240 + 925)Wosnp2 — (7360 4 2989)W_op i1 + (1281 + 652)W_s,, —
7(288n + 851)W_o,—1 + 851 W3 — 2627Wa + 436W:1 — 4907Wy).

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G, with Go = 0,G1 = 0,G2 = 1,G3 = 2).

Corollary 3.12. Forn > 0, 4-primes numbers have the following properties:
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(@) >p_ kG k = 55(—(16n + 3)G_pny3 + (16n — 13)G _pnia + (64n + 12)G g1 + (144n + 91)
G_n +19).

(b) 7 kG_or = 1o57(—(288n + 851)G_2ni2 + (8000 + 2627)G—_2n41 + (128n — 436)G_2, +
7(224n + 701)G_o,_1 + 851).

(c) ZZ:l kG _2k+1 = ﬁ((224n + 925)G_2n+2 — (73671 + 2989)G_2n+1 + (12871 + 652)G_2n —
7(288TL + 851)G_2n—1 - 925).

Taking W,, = H, with Hy = 4, H, = 2, H» = 10, H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 3.13. Forn > 0, Lucas 4-primes numbers have the following properties:

@ X7 kH_j = 55 (—(16n 4 3)H_pi3 + (160 — 13)H 4o + (64n + 12)H_ny1 + (144n + 91)

H_, —135).

(b) % kH_ ok = 157(—(288n + 851)H_ 2442 + (800n + 2627)H_2n41 + (128n — 436)H_2, +

1024

7(224n 4 701) H-2,—1 + 8505).

(€) >op_ i kH ors1 = 1057 ((224n + 925)H_ 5540 — (7360 4 2989)H 2,11 + (128n + 652)H_2, —
7(288n + 851)H_2,_1 — 10135).

From the last proposition, we have the following corollary which gives linear sum formulas of modified
4-primes numbers (take W,, = E,, with Ex =0, F1 =0,FE; =1, E3 = 1).

Corollary 3.14. Forn > 0, modified 4-primes numbers have the following properties:

(@) 7 kE_i = 555 (—(16n43)E_py5+(16n—13) E_pi2+(64n+12) E_pi1+(144n+91) E_, +16).

(b) 22:1 kE_Qk = ﬁ(f(288n+851)E_2n+2+(800n+2627)E_2n+1+(128n7436)E_2n+7(224n+
701)E_gp—1 + 1552).

(©) X0, kE_sii1 = 1157((224n + 925)E_sn42 — (7361 + 2989) E_zp1 + (1280 + 652)E_2, —
7(288n + 851)E_g,_1 — 1776).

4 CONCLUS'ON identity for the Tetranacci, Tetranacci-Lucas,

fourth-order Pell and other fourth-order linear
recurrence sequences. All the listed identities in
the corollaries may be proved by induction, but
that method of proof gives no clue about their
discovery. We give the proofs to indicate how
these identities, in general, were discovered.

Recently, there have been so many studies of
the sequences of numbers in the literature and
the sequences of numbers were widely used
in many research areas, such as architecture,
nature, art, physics and engineering. In this work,
sum identities were proved. The method used
in this paper can be used for the other linear Computations of the Frobenius norm, spectral
recurrence sequences, too. We have written sum norm, maximum column length norm and
identities in terms of the generalized Tetranacci maximum row length norm of circulant (r-
sequence, and then we have presented the circulant, geometric circulant, semicirculant)
formulas as special cases the corresponding matrices with the genera-lized m-step Fibonacci
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sequences require the sum of the numbers of
the sequences. So, our results can be used to
study r-circulant matrices with fourth-order linear
recurrence sequences.
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