| Gl Physical Review & Research International ,§ % -
e 3(4): 623-633, 2013 Zi 2\
" SCIENCEDOMAIN international SC\ENCEDOMEIN
ety www.sciencedomain.org

Applications of the Modified Double Sub
Equation Method to Nonlinear Partial
Differential Equations

Shu-Huan Yang'? and Huai-Tang Chen?

1DepartmentSchooI of Sciences, Linyi University, Linyi, Shandong, 276005, China.
2Department of Mathematics, Shandong Normal University, Jinan, Shandong,
250014, China.

Authors’ contributions

This work was carried out in collaboration between all authors. Author SHY designed the

study, performed the statistical analysis, wrote the protocol, and wrote the first draft of the
manuscript. Author HTC managed the analyses of the study and gave author SHY many

introductions. All authors read and approved the final manuscript.

Received 8™ April 2013
Accepted 17 " July 2013

Research Article "
Published 28 ™ July 2013

ABSTRACT

In this paper, the modified double sub-equation method is proposed to construct
complexiton solutions of nonlinear partial differential equations (PDEs). By means of this
method, some new complexiton solutions to nonlinear PDEs are obtained, which are non-
travelling wave and variable-coefficient function solutions. It is shown that the modified
double sub-equation method is effective and straightforward tool to solve nonlinear PDEs.

Keywords: The modified double sub-equation method; nonlinear partial differential
equations; complexiton solution.

1. INTRODUCTION

In recent years, both mathematicians and physicists have made many attempts to seek as
many and general as possible soliton solutions of nonlinear partial differential equations
(PDEs). A number of powerful methods were presented, such as the inverse scattering
theory [1], Darboux transformation [2], the sech-function method [3,4], the homogeneous

“Corresponding author: Email: yang.6738563@163.com, chenhuaitang@sina.com;



Physical Review & Research International, 3(4): 623-633, 2013

balance method [5], the hyperbolic tangent function series method [6], Béacklund

G
transformations method [7], the Jacobi elliptic function expansion method [8,9], the E

expansion method [10] and the multiple exp-function method [11]. One of the most
effectively straightforward methods to constructing exact solutions of PDEs is the sub-
equation method [12-15]. The complexiton solution, firstly introduced by Ma et al.[16], can be
constructed by the multiple Riccati equations rational expansion method [17], which make
use of two Riccati equations with the same variable.

Chen [18] has presented the double sub-equation method using two ordinary differential
equations with different independent variables. Complexiton solutions combining elementary
functions and the Jacobi elliptic functions are obtained by the double sub-equation method
[18].

In this paper, the modified double sub-equation method is proposed to construct complexiton
solutions of nonlinear partial differential equations (PDEs). We apply this method to the
Fisher equation and the Kadomtsev-Petviashvili ( KP ) equation, and get many new types of
complexiton solutions (the non-travelling wave and variable-coefficient function solutions). It
makes the modified double sub-equation method more extensively.

2. SUMMARY OF THE MODIFIED DOUBLE SUB-EQUATION METHOD

In the following we would like to establish a modified double sub-equation method with
symbolic computation.

Step 1: Given a nonlinear partial differential equations with two variables X and t
P(ut’ux’utt’utx'uxxl"')=O (1)
Step 2: We assume that the solutions of Eq.(1) are as follows:

u(xt) = A + AU T AP (0)
’ Ho + thAXE)Y (1)

@)

where Ay = Aj(X,1), A = A(X, 1), A, = A(X1),{ =&(Xt),n =n(Xt)are all functions of
Xandt, fyand g, are arbitrary nonzero constants. The new functions ¢(¢) and ¢/(77)
satisfy

p(&) =& +e¢’($) 3)
where @3(8) =d‘;—f) and € =k, (Ox-¢,(0);
W (1) =h, +hy* () (4)
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where ¢/ (17) Idlg—,(;?)and n =k, (t)x—c,(t).

Step 3: The solutions of the Riccati equation Eq.(3) [17] are as follows:
g(é) =g +e@ ()
() when & =€ =1,
¢(<) =tan(),
(I) when & =& = -1,

¢(¢) = cot(s),
() when &, =1 =-1,

¢($) = tanhg), ¢($) =cot(),

(IV) when &, =€ = i%,

¢($) =secg) xtan(f), ¢(¢) = csck) x cot((),

(V) when =1 =—£
=28

1 1

- tanh() + | A&) = coth(@) +
AS) =tanhE) 21 gy A¢) = o= e
(V) wheng, =0,g =1,
1
wé) = s

Step 4: Substituting Eq.(2) along with Eq.(3) and Eq.(4) into Eq.(1) yields a system of
equations w.rt @' (i=012,---,j = 012,---), setting the coefficients of @' in the
obtained system of equations to be zero, we obtain a set of over-determined PDEs (or

ODEs) with respectto Ay, A, A, K, (t),C,(t), K, (t),C, (t), Ly, L4; -

Step 5: Solving the over-determined PDEs (or ODEs) (e.g. Maple), we would gain the
explicit expressions for Ay, A, A, K, (t),c (1), K, (t),C, (1), o, 44, .
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Step 6: By using the results obtained in the above steps and the various solutions of
Eq.(3,4), we can derive many solutions for Eq.(1).

Remark 1: The the method proposed here is to take full advantage of two solvable ordinary
differential equations with different independent variables. The success and appeal of the
method is the fact that the new complexiton solutions obtained are the non-travelling wave
and variable-coefficient function solutions.

Remark 2: In order to simplify the calculation and solve the PDEs derived in Step 4, we
usually choose special forms of A,, A, A, as we do in Section 3.

3. APPLICATION
3.1 Example 1
The Fisher's equation is the simplest nonlinear reaction diffusion equation,
u -au,—pull-u)=0 (5)

where @ and fare greater than zero,ais the diffusion coefficient, Sis the reaction
coefficient. According to the method, we assume that the solutions of Eq.(5) are as follows:

AgS) + A7)

D= A A W)

(6)

Where A, = A1), A = A1), A, = A1), € =k (OX-c,(1) 7 =k, (DX —C,(1)  tpand 1,

are arbitrary nonzero constants.

Substituting Eq.(6) along with Eq.(3) and Eq.(4) into Eq.(5) yields a system of equations w.r.t
gy’ (i= 0123 j= 0123), setting the coefficients of @Y’ in the obtained system of
equations to be zero,we obtain a set of over-determined PDEs (or ODEs) with respect to
AL ALA K (), ¢ (t), K, (t),C,(t), Ly, 4, - Solving the over-determined PDEs (or ODES) by
use of Maple, we can obtain the following result.

o= ot =~ B ¢y =6, (1), k(1) = k(1) K, = - )
Case L [y = fo, 1 A, a0 =c(t) k() =k(0), k, hh
_A, _4CeBiuy _4CBeh
A =13 A0 A& A1) AL
A
arctan(——*——)A, &
o (t) = - XA 4B &8 A,

hhine Jegahh Ine? “hhine?
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Case 2: 4y = oy 14 :%, 6(t) =c.(t), k(®) =k, (1), k, =
Y NN oY /S __ACBueh
AW =15 AW =R A0 ==
A
arctan(-——*——)A, &
q=oRal)  Aes CA o

Where A, =./eheh , A; =16C B u, +(€77) +267C,+C," 5,
A, =16C’hB*hu,’ + B *C, +C,°B%, A, =16C,"e Boe 1ty e” + BC,° +C,

C,.C,,C; and L, are arbitrary constants, k, (t), ¢, (t) are arbitrary functions of t.

hh Ine” Jeehh ine? hhIne® ¥

According to case 2, when C, =C,=1C,=0,e =€ =1,h,=1h =-1, we can get

combining tar and tanhgcoth function complexiton solutions:

-168°w," + fe? + 57, A()tan€) + A () tanh()

u =
boaeptu retr 2B A+ B2 1, tip, tan) tanh()

—166°w" + fe + 57, A(t)tanE) + A (t) coth@y)

216, v e 128+ B2y £l tan() coth(p)

Where & =Kk, (t)x—c,(t), 7 =K,(t)X—C,(t), 1 = Zil,,

_ 4B° "
A= W68 U, +e7 + 28677 + p7)e”
_ +4i 5 "
Al W68° 1y +e7 +28" + f7)e
+ Ao, arctanim’g ”Oi +pef +1)[>’[
o, (t) =22 4 Ho
Ine” Ine”

» Ko (1) =Fiky (1)
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WhenC, =C,=1C,=0,6 =¢ = —%,ho =Lh=-1, we can get combining

se(—tan cs(—col and tanhcoth function complexiton solutions:

3

4

5

6

-163" 1)’ + pe” + B°

165 v v 2 4

~168"y +pe +°

+

+

A(t)(secg) —tan)) + A (t) tanh()

U, i, (sec€) —tan()) tanh()

A (t)(sec€) —tan(£)) + A, (t) coth(y) |

168" e 42 +

~168°4, + e + B

+

Hy i (sec) —tan(§)) coth(y)

A (t)(csc€) —cot(§)) + A (t) tanhfz)

168y e 2 4

-163" )’ + e’ + B°

+

Hy il (csck) —cot(é)) tanh(p)

A(B)(cscg) —cot($)) + Ay(t) coth()

168 +e v 20 4

o % i4(CSCE) ~ COLE)) cot7)

where & = K (t)X—c,(t), 7 =k, (t)X—C,(t), L4 ==iL,,

— _Zﬂzﬂoz
A T ve rapem s gy
_ £ 257 by
MO e 2t e
165°14, € + B +1
Y D 7. 7S N
()= 2Rk — e =T k().

1

When C,=C,=1C,=0,¢ =¢ =-1h, =§,f‘5=—%, we can get combining col and

tanh coth,sinh,cosh function complexiton solutions:

7

1
_ AR g A eolo ADlamh)= Coshb))
168"y +&™" 420+ F°y +iy cot@)tanhty) i)
coshg)
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.1
L caggepeneg | AOROTAOCNOH L)
D OLeA e 2B A B i cot@)(coth) £ )
sinh{y)
where & =k (t)X—c,(t), 7 =K, (t)x—C,(t), £4 ==il,,
— _4ﬂ2,uoz
ST
_ +4i 5 "
MO et e v2p
arctang‘ 65°p e + & +1),6’[
286 AL, K, (1) = F2iK,(t) .

c,(t) =

Ine? Ine?

When C, =C,=1C,=0,6 =¢ =1h,=h =-1, we can get combining tar and cof
function complexiton solutions:

Lo 188 +pe 5 Af)tang) + A(t) cot()
P 168 +e P 2B A+ B2 U+ tan@E)coty)

where & =k, (t)x—c,(t), 7 =K, (t)x—c,(t),

_ 4,32/Jo2
A= 68, +e* + 287 + g2’

_ + 451y
A= 6B, +e 2 + 28" + )’
e ) arctaniw’g H 0:{92;,39’6‘ +1)[>’[
C,(t) = A A . , Ky (1) = F2iky(t) -

Similarly, we can write down the other complexiton solutions of equation eq.(5) which are
omitted for convenience.
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3.2 Example 2
In this section, we consider the Kadomtsev-Petviashvili( KP ) equation
Vo + (V5 + W, ) + Wy + &V, =0, )

where a, ) and & are arbitrary nonzero constants. According to the method, we assume
that the solutions of Eq.(5) are as follows:

B¢(&) + By ()
Ho + 1A )Y (7)

where B, = B, (t), B, = B,(t), B, = B,(t), & = k,(t)x—¢,(t) + W, (1) y,

V(X y,t) =B, + (8)

n =Kk, (t)x—c,(t) +w,(t)y, ,and 4, are arbitrary nonzero constants.

Substituting Eq.(8) along with Eq.(3) and Eq.(4) into Eq.(7) and using Maple yields a system
of equations w.rt @' (0<i,j<5), setting the coefficients of @' in the obtained
system of equations to be zero, we obtain a set of over-determined PDEs (or ODES) with

respect  to By, B, B,, K (t),c (t), w(t),K,(t),C,(t), w,(t), &, 44.Solving  the  over-

determined PDEs by use of Maple, we can obtain the following result.

Case 1 £ = o, Bult) = By(0) By(1) = B(, &) = (0, €50 = €0 k() = Ky (D),
Jaheds o - J%mn a(y 0 J%mm (®

M= eh, , Wi (1) = wy (1),
w,(t) = \/eom:;;lwl(t) |

Where (4, is arbitrary nonzero constant, B, (t) = B, (t), B,(t) = B,(t),c,(t) = c,(t),
C,(t) =c,(t),k (t) =k (t),w, = w,(t) are arbitrary functions of t.
Case 2 fy = Mo, By(t) = By (t), By(t) = By(t), ¢y (1) = ¢y (1), (1) = C, (1), Ky (t) = Ky (1),

U =~ V&hherss . B,(t) = _V&heB () K, (t) _ _ve&hhek(t)
Coeh e A

» W () = wi (1),
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W= \/eohogiwlm |

Where /4, is arbitrary nonzero constant, B, (t) = B, (t), B,(t) = B,(t),c,(t) = c(t),
C,(t) =c,(t), k,(t) = k,(t),w, = w,(t) are arbitrary functions of t.

When € =€ =1h,=1h =-1, we can get combining tar and tanh,coth function
complexiton solutions:

v, =B (t) + B, (t) tan) FiB,(t) tanh()
Tt tan@ tanh)

V. =B (t) + Bl(t) tan(g)¢i81(t) COth@)
C U til, tan¢)coth@)

Where ¢ =K (t)x—c (1) +w (t)y, 7 =Fik (t)x—c,(t) Fiw,(t)y.

1
When g, =¢ = E ,h, =1, h, =-1, we can get combining the new complexiton solutions:

v, = By(t) + B, (t)(secf) +tan()) FiB,(t) tanh)
* 1o i, (sec€) +tan)) tanh@g)

v, = B, (1) + B, (t)(secf) + tan(¢)) FiB,(t) coth¢y)
A U, i, (sec€) +tan)) coth@g)

V. =B () + B, (t)(cscg) +cot(§)) FiB,(t) tanh{y)
> U, i, (csc) +cot()) tanhg)

v, = B, (1) + 21(D)(CSCE) + cotf)) +iB, (1) cothiy)
& o %14, (cSCE) + cot()) coth()

Where € =k (0X (0 + WY, 7 =F 2K OX-¢,0 F 2 w()y.

, We can get combining the new complexiton solutions:

N | =

When eozel:—lh():%,hlI—
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_ o1
B,(t) cot(&) FiB,(t)(tanh) i m)

. .1 ’
Uy i, cot(é)(tanh@) £i m)
- )
sinh{y)
1 ) '
sinh(y)

Where ¢ =Kk (t)x—c (t) +w(t)y, 7 =F2ik (t)x—cC,(t) F 2w, (t)y.

v, = By(t)+

B, (t) cot(®) FiB, (t)(coth) i

Vs = By (1) +

Mo 114, cot(é)(cothy) *i

Similarly, we can write down the other complexiton solutions of eq.(7) which are omitted for
convenience.

4. CONCLUSION AND DISCUSSION

we present the modified double sub-equation method and use it to solve the fisher and
Kadomtsev-Petviashvili( KP )equations. We obtain not only complexiton solutions but also
non-travelling wave and variable-coefficient function solutions. Complexiton solutions
obtained in this paper cannot be found in other references. It is clear that this method is
different from other methods, very straightforward and effective to get non-travelling wave
and variable-coefficient function solutions. The method can also be applied to other
nonlinear differential equations in mathematical physics. We are investigating new ansatz
and new auxiliary ordinary differential equations to construct more types of exact solutions.
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