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Abstract
We present a novel compact electric permittivity sensor that exploits Bleustein–Gulyaev waves
propagating along the surface of shear-poled piezoelectrics. We formulate the dynamic
nonlinear electromechanical partial differential equations of motion governing wave
propagation under electromagnetically quasistatic conditions. The permittivity of the
medium-under-test was found to influence the sensor eigenvalues, enabling the implementation
of a frequency-shift permittivity sensor. Solution of the equations of motion demonstrates
resonance of the first and third modes when excited using an interdigitated transducer. We
fabricated two sensor prototypes on shear-poled PZT4 and LiNbO3 substrates and used a Vector
Network Analyzer to observe the shift in their fundamental natural frequency in the presence of
various media-under-test. S11 measurements show deterministic and repeatable shifts in the
resonant frequency of the first mode of the LiNbO3 sensor measured at ∆f1 = 3.51 MHz for
ethanol and ∆f1 = 7.49 MHz for deionized water where the bare surface frequency was initially
at f1 = 25.27 MHz.

Keywords: Bleustein–Gulyaev waves, permittivity sensors, electrostriction, nonlinear dynamics

(Some figures may appear in colour only in the online journal)

1. Introduction

Permittivity sensors identify the dielectric constant, or rel-
ative permittivity, of a medium-under-test, and they span
over a wide range of applications. Environmental applications
include water salinity testing [1, 2] and soil moisture measure-
ment [3]. Such sensors also have industrial applications such
as oil characterization [4, 5]. Moreover, they have numerous
biological applications, including blood plasma analysis [6, 7],
blood alcohol identification [7, 8], and non-invasive glucose
detection [9]. It can also be used in DNA-to-RNA differenti-
ation [10], tissue type discrimination [8], cancer cell recogni-
tion [11, 12], and viral pathogen detection [13, 14].

Current implementations of permittivity sensors typically
operate in the GHz range to limit sensor size, usually on
the order of magnitude of the electromagnetic wavelength.

∗
Author to whom any correspondence should be addressed.

Working in the radio-frequency (RF) range introduces addi-
tional complexity to the sensor, such as the need for special-
ized RF circuits and other design challenges that impact the
cost, reliability, and overall device size.

The trade-off between frequency and size creates limits
on design flexibility. Decreasing the frequency can enlarge
the size to few tens of centimeters [15]. While static (non-
resonant) permittivity sensors are not constrained by size, they
are dominated by parasitics and thus suffer from low sensitiv-
ity [16, 17].

The relationship between the size and operating frequency
of resonant permittivity sensors available in the literature is
shown in figure 1. The figure illustrates how current techno-
logy typically operates in the GHz range and is predominantly
in the millimeter to centimeter scale. Only two groups have
managed to cross the 1 mm barrier using metamaterials and
THz operating frequencies [38, 39].

We propose a novel compact electric permittivity sensor
based on Bleustein–Gulyaev waves (BG waves). BG waves
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Figure 1. The size vs. operating frequencies of permittivity sensors
available in the literature [3, 15, 18–39], References are ordered in
descending size. The red marker indicates the LiNbO3 sensor
presented in this work.

were discovered independently by Bleustein [40] and Gulyaev
[41]. Since then, they have been under research for their unique
nature; coupled electromagnetic and mechanical components
that propagate together. The surface shear wave is coupled to a
transverse magnetic, TM, electromagnetic field on the surface
of shear poled piezoelectrics.

BG waves have several applications, such as liquid prop-
erty sensing and radio frequency filters. They are attractive
for liquid sensing as they are shear waves and do not radiate
acoustic energy into the liquid bulk and thus, they avoidmicro-
streaming effects and realize a high-quality factor. The vis-
cosity and density of the liquid slow down the wave propaga-
tion speed and thus create a detectable phase difference with
respect to a reference wave [42–46]. Additionally, BG waves
have also been shown to work as gyroscopes [47, 48].

BG wave RF filters utilize resonant standing modes to cre-
ate spectral selectivity. They are more compact than regular
SurfaceAcousticWave (SAW) filters [49, 50] since they reflect
completely at the edges of the piezoelectric material, elimin-
ating the need for the cascaded electrodes that typical SAW
filters use to reflect waves [51]. These filters can operate up
to frequencies of 190 MHz and with a low insertion loss [52],
thereby exhibiting a high quality factor [50].

We propose to exploit the acoustic speed of BG waves
to develop a permittivity sensor that detects disturbances to
the electromagnetic field at lengths comparable to the short
wavelength of BG waves. As a result, the sensor operating
frequency and size can be simultaneously reduced by several
orders of magnitude to tens of MHz and few hundred micro-
meters, respectively.

BG waves exhibit close coupling between electromagnetic
and acoustic phenomena. This allows them to serve as sens-
itive probes for electromagnetic field properties such as the
permittivity of a medium-under-test. In this work, we solve
the dynamic nonlinear partial differential equations governing
the resonant BG waves using the Galerkin Residuals method.
We solve the eigenvalue problem to demonstrate the opera-
tion of our frequency-shift resonant permittivity sensor. We
present simulation results for using a Navy Type II Lead
Zirconate Titanate (PZT4) and a Lithium Niobate (LiNbO3)

piezoelectric substrate. Both materials have been shown to
express excellent shear piezoelectric properties and success-
ful history of BG wave implementation [53–56]. Finally,
we present experimental validation of the permittivity sensor
using the LiNbO3 substrate.

2. Governing equations

BG waves are comprised of a displacement field u(x,y, t)
coupled to a TM electromagnetic field

{
E(x,y, t),H(x,y, t)

}
[40, 41], such that:

u(x,y, t) =

 0
0
uz

, E(x,y, t) =

ExEy
0

, H(x,y, t) =

 0
0
Hz

 .

(1)

BG waves propagate along the x-direction, figure 2(a), on
the surface of a piezoelectric substrate, shear-poled in the z-
direction. To realize a BG resonator, the wave is excited via a
set of interdigitated transducer (IDT) electrodes, figure 2(b),
and trapped by two trenches etched at both ends of the res-
onator, x= 0 and x= l, to reflect the wave [50]. In a reson-
ant sensor, the resonator occupies the lower-half space (y⩾ 0)
while the medium-under-test occupies the upper half-space
(y< 0).

The stress and polarization tensors reduce to the non-trivial
components [57, 58]:

Tyz = G
∂uz
∂y

− eEy−GME2
x +GME2

y (2)

Txz = G
∂uz
∂x

− eEx− 2 GMExEy (3)

Dx = εEx+ e
∂uz
∂x

+ 2 MExTyz+ 4 MEyTxz (4)

Dy = εEy+ e
∂uz
∂y

+ 4 MExTxz− 2 MEyTyz (5)

where G is the shear modulus, ε is the zero-strain permittivity
of the piezoelectric,M=M14 is the electrostrictive constant in
the poling direction, and e= Gd15 is the zero-strain piezoelec-
tric constant. The governing field equations inside the piezo-
electric substrate are the mechanical equation of motion and
the relevant Maxwell’s equations:

ρüz+ cu̇z =
∂Txz
∂x

+
∂Tyz
∂y

(6)

∇·D= Ϛ−σ

ˆ
∇·E dt (7)

∇×E=−µḢ (8)

where ρ is the density of the piezoelectric substrate, c is the
viscous damping coefficient, and Ϛ(x,y, t) is the charge dens-
ity distribution. This free charges term is typically ignored in

2



J. Micromech. Microeng. 32 (2022) 034004 A Elhady and E Abdel-Rahman

Figure 2. Sensor schematic showing (a) a section view and (b) a top view of the substrate, medium-under-test, and the IDT.

the analysis of SAW. However, this assumption is not valid in
this case due to the presence of the IDT on the substrate sur-
face and its function in exciting BG waves. Substituting with
equations (2)–(5) into equations (6)–(8), we obtain the gov-
erning system of equations [58]:

ρüz+ cu̇z = G∇2uz− e∇·E+ML1(Ex,Ey) (9)

Ϛ−σ

ˆ
∇·E dt= e∇2uz+ ε∇·E+ML2(uz,Ex,Ey) (10)

µḢz =
∂Ex
∂y

−
∂Ey
∂x

(11)

where L1(Ex,Ey) and L2(uz,Ex,Ey) are the nonlinear elec-
trostriction differential operators, given by equations (53)
and (54).

2.1. Boundary conditions and the eigenvalue problem

The resonant sensor is bound by air-filled trenches at the edges.
This creates a discontinuity in acoustic impedance and acts as a
wave reflector, thereby creating standing waves at resonance.
The trenches present as free-end boundary conditions to the
acoustic wave.

∂uz
∂x

∣∣∣
x=0

= 0 ,
∂uz
∂x

∣∣∣
x=l

= 0. (12)

Moreover, the surface wave decays exponentially into the sub-
strate [40, 41]:

uz
∣∣∣
y=∞

= 0 , Hz

∣∣∣
y=∞

= 0 , (13)

Ex
∣∣∣
y=∞

= 0 , Ey
∣∣∣
y=∞

= 0. (14)

Two matching boundary conditions are imposed at the inter-
face surface (y= 0) between the piezoelectric substrate and

the medium-under-test. Assuming that the acoustic pressure
applied by the medium-under-test is negligible and ignoring
the nonlinear terms, we set the shear stress component Tyz to
vanish at the surface by requiring that:

∂uz
∂y

∣∣∣
y=0

− e
G
Ey
∣∣∣
y=0

= 0. (15)

The second matching condition guarantees the continuity of
the electromagnetic field. Dropping the nonlinear terms, this
set of boundary conditions can be written as:

Ex
∣∣∣
y=0

−Eux

∣∣∣
y=0

= 0 (16)

Hz

∣∣∣
y=0

−Hu
z

∣∣∣
y=0

= 0 (17)

Dy

∣∣∣
y=0

−Du
y

∣∣∣
y=0

= 0 (18)

where the superscript u denotes the fields in the upper half-
space, as shown in figure 2, and Du

y = εuEuy .
Therefore the unforced linear eigenfunctions ϕn (mode

shapes) and eigenvalues ωn (natural frequencies) can be writ-
ten as [58]:

ϕn(x,y) = Ae−κny cos(knx) (19)

ωn = kncs
√
1− ζ2, kn =

nm
l
π, κn = ζkn (20)

where n is the mode number, m is the number of IDT fingers,
l is the length of the sensor along the propagation direction,

cs =

√(
G+

e2

ε

)
/ρ

is the speed of sound in the substrate, and

ζ =
e2

Gε+ e2
1

1+ εu

ε

3
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is an electromechanical coupling coefficient. To normalized
the mode shapes such that:

ˆ ∞

0

ˆ l

0
ϕ2
n(x,y)dxdy= 1

the amplitude is set to: A=
√
κn/l.

As shown in equation (20), the eigenvalues depend on the
permittivity of the medium-under-test εu. Therefore, the BG
wave resonator can be used as a permittivity sensor by relating
εu to the measured frequency shift∆ωn. The sensitivity of this
sensor can be derived as [59]:

Sn =
∂ωn
∂εu

=−n mπe4r2

l(1+ r)2
√
ρε3

1√
(1+ r)2(e2 +Gε)3 − e4(e2 +Gε)

(21)

where r=
εu

ε
is the ratio of the permittivity of the medium-

under-test to that of the piezoelectric substrate.
The partial metallization imposed by the IDT on the surface

affects the penetration depth of the BG wave. Therefore, the
ratio r representing the electric matching at the surface bound-
ary conditions is modulated by the metalization ratio of the
surface by a constant ι. Therefore we redefine the ratio r as:

r=
ε

ιεu
.

The constant ι can be identified by estimating the penetration
depth of the BG wave using a Laser Doppler Vibrometer [60]
and was experimentally identified as ι= 11.4. For the case of
a metalization ratio of 50%, this is a reasonable value that is
close to the literature [50], and the value is applied in further
numerical analysis.

2.2. Quasistatic approximation

The propagation speed of BG waves ωn/kn, on the order of
acoustic speeds, which is much slower than that of electromag-
netic waves, at the order of the speed of light. Therefore, vari-
ations in the electromagnetic field components appear to occur
instantaneously to the elastic field and the governing equations
can be further simplified under a quasi-static approximation.
Under this assumption, equation (11) can be satisfied by a
potential function Ψ , such as:

∂Ey
∂x

− ∂Ex
∂y

= 0 ⇒ Ex =−∂Ψ

∂x
, Ey =−∂Ψ

∂y
(22)

while equations (9) and (10) can, thus, be rewritten as:

ρüz+ cu̇z = G∇2uz+ e∇2Ψ +MGL1(Ψ) (23)

Ϛ+σ

ˆ
∇2Ψ dt= e∇2uz− ε∇2Ψ +ML2(uz,Ψ) (24)

where the quasistatic electrostriction differential operators
L1(Ψ) and L2(Ψ) are given by equations (55) and (56),
respectively.

3. Linear BG resonator

We initially investigate the linear resonator response to illus-
trate the basic operations of the sensor. Dropping the nonlin-
ear terms from equations (23) and (24), we obtained the linear
equations of motion:

ρüz+ cu̇z = G∇2uz+ e∇2Ψ (25)

Ϛ+σ

ˆ
∇2Ψ dt= e∇2uz− ε∇2Ψ. (26)

Multiplying the second of equations (25) and (26) by e/ε and
adding them, we can rewrite the equation of motion as:

ρüz+ c̄u̇z−
(
G+

e2

ε

)
∇2uz =−e

ε
Ϛ (27)

where the electric and mechanical energy losses have been
lumped into the viscous damping coefficient c̄. This is the
equation of a simple harmonic oscillator.

The IDT excites the nth mode of the BG resonator ϕn by
applying the time-varying voltage distribution

V(x,y, t) = V◦e−κn y cos(knx)cos(Ωt) (28)

across its fingers, where Ω is the excitation frequency. This
voltage will create a charge density distribution, such as:

Ϛ(x,y, t) = εT∇2V(x,y, t)

= εTβ
2
nV(x,y, t) (29)

where βn = k2n−κ2
n. The displacement field can be assumed to

a harmonic form of equation (19):

uz(x,y, t) = u(t)e−κn y cos(knx). (30)

Substituting with equations (29) and (30) into equation (27)
yields:

ü+
ωn
Q
u̇+ω2

n u=
f◦
ρ
cos(Ωt) (31)

where ωn = βn

√
G+e2/ε

ρ is the natural frequency, Q=
ρωn
c̄

is

the quality factor, and

f◦ =
eεT
ε

β2
n V◦ =

eω2
n

G
V◦ (32)

is the forcing amplitude.
For an under-damped system (Q> 1

2 ), the displacement
field can be written as [61]:

uz(x,y, t) =
e
GV◦√

(1− Ω2

ω2
n
)2 +( Ω

ωnQ
)2
e−κn y cos(knx)cos(Ωt).

(33)
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4. Nonlinear BG resonator

4.1. Nondimensional equations of motion

To better capture the detailed dynamic response and exploit it
to enhance the sensor sensitivity, we retain the electrostrict-
ive nonlinearity in the equations of motion and account expli-
citly for the electric damping (dielectric loss). The quasi-static
approximation of the nonlinear forced and damped system of
equations (23) and (24) is an index-1 system of differential-
algebraic equations (DAEs). In fact, this is a nontraditional
DAE form due to the integral term on the left-hand side. We
reduce the system to an index-0 differential system by differ-
entiating equation (24) once with respect to time, thereby dis-
banding with the integral term to obtain:

ρüz+ cu̇z−G∇2uz− e∇2Ψ −MGL1(Ψ) = 0 (34)

Ϛ̇− e∇2u̇z+ ε∇2Ψ̇ +σ∇2Ψ −ML̇2(uz,Ψ) = 0. (35)

This system is nondimensionalized using the nondimen-
sional variables:

x̂=
x
l
, ŷ=

y
l
, t̂=

cst
λ

ûz =
uz
u◦

, Ψ̂ =
Ψ

Ψ◦
, Ϛ̂= Ϛ

l2

εTΨ◦

where u◦ = e
GΨ◦ and Ψ◦ = 1 V. Therefore equations (34) and

(35) can be written as:

ΛA
∆
= α¨̂uz+ ĉ ˙̂uz− ∇2ûz− ∇2Ψ̂ − M̂L̂1(Ψ̂) = 0 (36)

Λ̇B
∆
=

(
1+

Gε
e2

)
˙̂Ϛ− ∇2 ˙̂uz+

Gε
e2

∇2 ˙̂
Ψ +

Gε
e2

χ∇2Ψ̂

− M̂ ˙̂L2(ûz, Ψ̂) = 0 (37)

where:

α=
l2

λ2

(
1+

e2

Gε

)
, ĉ= c

√
α

ρG
l , M̂=

MG
el

, χ=
λ

cs
σ.

L̂1 and L̂2 are nondimensional versions of the differential oper-
ators L1 and L2 and ΛA and ΛB are operators that encase the
left-hand sides of the nondimensional system of equations.
The hats are henceforth dropped for convenience.

4.2. Discretization

The system is discretized using the Galerkin residuals method
[62]. Under the proportional damping assumption, modes that
are not directly or indirectly excited vanish over a long-time,
leaving directly and indirectly excited modes to carry the
energy in the system. Therefore, the Galerkin residualsmethod
can capture most of the energy in the system provided that
enough modes are taken in the expansion. Toward that end,
the displacement and electric fields are rewritten in terms of

static and dynamic components denoted by the superscripts s
and d, respectively, as:

uz(x,y, t) = usz(x,y)+ udz (x,y, t) (38)

Ψ(x,y, t) = Ψ s(x,y)+Ψ d(x,y, t). (39)

Based on the convergence analysis carried out in [58], the
number of modes was set to N= 4.

For a four-mode expansion, the static equilibrium can be
written as

usz(x,y) =
4∑

n=1

qsnϕn(x,y) (40)

Ψ s(x,y) =
4∑

n=1

psnϕn(x,y) (41)

where qsn and psn are the static modal coordinates. Setting the
time derivatives in equation (23) equal to zero, substituting
with this form in equations (23) and (24), multiplying the result
with each of the mode shapes, and integrating over the domain
we obtain a set of algebraic equations (59)–(66) describing the
static equilibrium [58]. We note that the electric damping in
equation (24) will vanish as described in section 6. Solving this
system of equations for qsn and psn and substituting the result
into equations (40) and (41) we obtain the static displacement
and potential fields usz(x,y) and Ψ s(x,y).

Likewise, the dynamic components of the displacement and
electric potential are discretized as:

udz (x,y, t) =
4∑

n=1

qn(t)ϕn(x,y) (42)

Ψ d(x,y, t) =
4∑

n=1

pn(t)ϕn(x,y) (43)

where q(t) and p(t) are time-dependent modal coordinates.
The discretized dynamic fields are substituted in the system of
equations (36) and (37). The result is multiplied by the mode
shapes and integrated over the domain to obtain the residuals
as:

R1n =

ˆ ∞

0

ˆ l

0
ϕn(x,y)ΛA(qn,pn)dxdy (44)

R2n = ∂t

ˆ ∞

0

ˆ l

0
ϕn(x,y)ΛB(qn,pn)dxdy (45)

where ∂t denotes the time derivative and n=1–4. The differen-
tiation is carried out first in equation (45) in order to reduce the
complexity of the integration. The integration process was car-
ried out symbolically in Mathematica [63]. Setting the resid-
uals R1n and R2n to vanish yields the discretized system of
ordinary differential equations, (67)–(74).
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Table 1. Specification of the permittivity sensor prototypes.

Substrate
material λ (µm) Aperture (µm)

Resonance
freq. (MHz)

PZT4 [64] 40 400 64.8
LiNbO3 [65] 220 2000 21.4

Table 2. Material properties of the sensor substrates.

Property PZT4 [64, 66] LiNbO3 [65, 67]

G (GPa) 25.6 59.5
e (N (Vm)−1) 12.7 4.1
ε× 8.85 × 10−12 (Fm−1) 718 44
ρ (kgm−3) 7600 4647

5. Sensor design and fabrication

To test the operation of the permittivity sensor, two proto-
types were fabricated using LiNbO3 and PZT4 polished shear-
poled substrates. The distance between the limiting trenches
on either side of the IDT and the IDT fingers’s periodicity,
figure 2(b), were designed to realize the first natural fre-
quencies of the LiNbO3 and PZT4 sensor prototypes at f1 =
21.4 MHz, and f1 = 64.8 MHz, respectively. The number of
IDT fingers was set tom= 20 in both cases. The specifications
of the prototypes are listed in table 1.

The linear material constants, as specified by the manu-
factures and confirmed by comparison to the literature, are
listed in table 2. The electrostrictive constants of PZT4 and
LiNbO3 were identified by matching the model predictions
to the experimentally measured out-of-plane displacement
and found to be M= 12.7× 10−18 m2 V−2 and 1.3× 10−20

m2 V−2 [58].
The IDT was realized on the PZT4 substrate by sputter-

ing a 550 nm thick layer of aluminum. Positive photores-
ist Shipley-1811 was spun on the substrate and baked. The
IDT was patterned in the photoresist using lithography and
developed using MF-319. The exposed aluminum was etched
with an etchant. After stripping the photoresist, the trenches
defining the resonator edges were etched using a laser trim-
mer (QuickLaze-50).

The LiNbO3 sensor, figure 3, was fabricated using the same
recipe, except that the substrate was pre-coated with 1.1 µm
gold/chromium layer, thus obviating the need for the initial
metallization step. Minimal localized heat damage can be
observed at the edges of the resonator, figure 3, due to laser
trimming. The depth of the trenches for the PZT4 and LiNbO3

sensors were 96 and 76 µm respectively.

6. Results

The charge distribution Ϛ imposed by the IDT is the
excitation signal driving the sensor. Using a Fourier
series expansion of equation (29), it can be approximated
as [58]:

Figure 3. The fabricated LiNbO3 sensor prototype.

Table 3. Coefficients of the empirical fit for the charge distribution
[58].

C1 = 1.115 C5 =−0.019
C3 =−0.103 C7 = 0.005

Ϛ(x,y, t) = εTβ
2
n

4∑
n=1

C2 n−1e−κ(2 n−1)y

× cos
(
(2 n− 1)m

πx
l

)
(VDC+VAC cos(Ωt))

(46)

where C2 n−1 are the empirically fitted constants, listed in
table 3, and VDC, VAC, and Ω are the bias, amplitude, and fre-
quency of the signal waveform.

The dependence of the dielectric substrate’s conductivity σ
on the excitation frequency of the electric field can be repres-
ented by Jonscher’s power law [68]:

σ = σDC+ ε tanδΩs (47)

where σDC is the frequency invariant component, tanδ is the
loss tangent representing electrical dissipation in the piezo-
electric substrate, and s is a constant such that 0⩽ s⩽ 1. At
room temperature, s≈ 1 and it decreases as the temperature
increases [68]. As a result, the AC conductivity is much larger
than its DC counterpart for excitation frequencies in the MHz
range. In this work, we assume the substrate to be a perfect
insulator at low frequencies. This imposes a limitation on the
validity of the model to good dielectrics however, this is true
for most piezoelectrics. Therefore, the DC conductivity is neg-
lected, and the total conductivity is approximated as:

σ ≈ εΩ tanδ (48)

6
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Figure 4. The time evolution of the potential field Ψ(0,0, t) for the
PZT4 (red line) and LiNbO3 (black line) resonators under a pure AC
excitation of 1Vpp at the excitation frequencies 64.8 and 21.4 MHz,
respectively.

where the loss tangent for PZT4 is tanδ = 0.02 [69] and for
LiNbO3 is tanδ = 0.004 [70].

The electric forcing and damping terms, equations (46) and
(48), as well as the static modal coordinates qsn and psn are
substituted into the system of ordinary differential equations,
(67)–(74). The equations are numerically integrated over time
for the dynamic modal coordinates (qj(t),pj(t)), subject to rest
initial conditions, and the displacement and potential fields are
obtained as:

uz(x,y, t) =
4∑
j=1

(qsj+ qj(t))ϕj(x,y) (49)

Ψ(x,y, t) =
4∑
j=1

(psj+ pj(t))ϕj(x,y). (50)

Figure 4 compares the time evolution of the potential field
at the left edge of the PZT4 resonator surface Ψ(0,0, t) to that
of the LiNbO3 resonator. The resonators were excited at their
respective natural frequencies, Ω= 2π× 64.8 and 2π× 21.4
M rad s−1, respectively, with the voltage waveform an VAC =
0.5 V and VDC = 0 V. In both cases, the mechanical quality
factor was set to Q= 10, whereas the dielectric loss was set as
per equation (48).

Since PZT4 is more conductive than LiNbO3, it exhibits
larger electrical losses and a lower total quality factor than
LiNbO3. As a result, its response, red line in figure 4, has a
shorter settling time than that of LiNbO3 (black line). On the
other hand, even though the LiNbO3 resonator has a higher
effective quality factor, its steady-state potential is lower than
that of PZT4 due to a lower electromechanical coupling coeffi-
cient

√
e2/(Gε+ e2) [55]. PZT4 is more efficient in coupling

the excitation voltage to the potential field than LiNbO3, with
a coupling coefficient of 70.6% for PZT4 compared to 64.8%
for LiNbO3. The same trends are also evident in comparing the
displacement fields, figure 5, of the PZT4 and LiNbO3 reson-
ators at uz(0,0, t).

Figure 5. The time evolution of the shear displacement field
uz(0,0, t) for the PZT4 (red line) and LiNbO3 (black line) resonators
under a pure AC excitation of 1Vpp at the frequencies 64.8 and
21.4 MHz, respectively.

Three different media were tested, namely, air, ethanol,
and deionized (DI) water. Although BG waves have been
previously used to sense viscosity, they were deployed in a
line-delay configuration rather than a resonator. When used in
a resonant configuration, the viscosity of the medium-under-
test would not affect the natural frequency [43]. However,
as a precaution, this was taken into consideration. At room
temperature, ethanol and DI water have similar viscosities but
different relative permittivities at 24 and 78, respectively [71,
72]. Therefore they present suitable candidates for the charac-
terization of a permittivity sensor.

The frequency-response curves of the displacement and
potential fields are shown in figures 6 and 7, respectively,
for the PZT4 sensor with air (black), ethanol (red), and DI
water (blue) media-under-test. The curves show the peak-
to-peak displacement uz(pp) and potential Ψ(pp) at the origin,
point (0,0). The frequency sweep was carried out numeric-
ally by solving equations (67)–(74) subject to a voltage wave-
form with a constant amplitude VAC = 0.5 V and with the
frequency varying in the range Ω= 2π× [13,265] Mrad s−1.
The steady-state response was obtained by carrying long-time
integration for 300 excitation periods and recording the peak-
to-peak response during the last 10 periods of the time history.
The excitation frequency was increased in steps varying in size
from 20 kHz, close to resonance, to 500 kHz away from res-
onances. After each frequency step, the initial conditions were
taken as the modal coordinates of the last point in the time-
history of the previous excitation frequency.

The response curves show evidence of primary resonance
in the vicinity of the first and third modes. This reflects the fact
the IDT geometry, described in equation (46), represents dir-
ect excitation for both modes. The effective quality factors of
the first ( f1 = 64.8) and third ( f3 = 194.4) modes were calcu-
lated from the response curves using the half-power bandwidth
method and found to be Q1 = 8.5 and Q3 = 27. It is interest-
ing to note that the potential response curves exhibit evidence
of anti-resonance, figure 7, but not those of the displacement
field, figure 6, indicating lower electric losses.
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Figure 6. The frequency-response curves of the shear displacement
field uz at the origin (0,0) of the PZT4 sensor under a voltage
waveform with an amplitude of VAC = 0.5 V for three
media-under-test.

Figure 7. The frequency-response curves of the potential field Ψ at
the origin (0,0) of the PZT4 sensor under a voltage waveform with
an amplitude of VAC = 0.5 V for three media-under-test.

Both resonant peaks, figures 6 and 7, shift to lower frequen-
cies as the permittivity of the medium-under-test increases.
The sensitivity of the third mode toward changes in permit-
tivity is more than that of the lower mode, as evidenced by a
larger frequency shift. Specifically, the resonant frequency of
the first mode shifts down by∆f1 = 0.65 MHz in the presence
of ethanol and by ∆f1 = 2.5 MHz in the presence of water
compared to ∆f3 = 1.84 MHz and ∆f3 = 7.5 MHz for the
third mode. The drop in the resonant frequency with increased
medium-under-test permittivity is expected, as per equation
(20). Higher permittivity leads to stronger coupling between
BG waves and the medium-under-test represented by a lar-
ger capacitance of that medium. The elevated sensitivity of the
third mode compared to the first mode is also expected since
the sensitivity, equation (21), is linearly proportional to mode
number n.

The amplitude of the higher mode is less than that of
the lower mode because the direct excitation of the IDT to
the higher mode is smaller than that of the lower mode, see
table 3. Further, higher modes are stiffer, therefore requiring

Figure 8. The frequency-response curves of the shear displacement
field uz at the origin (0,0) of the LiNbO3 sensor under a voltage
waveform with an amplitude of VAC = 0.5 V for three
media-under-test.

larger forcing to realize similar amplitudes. This presents a
trade-off between modal sensitivity and their signal-to-noise
ratio (SNR). When the material under test was DI water, the
numerical solver broke down over five frequency steps in a
small region around the peak of the first mode, figures 6 and 7,
due to numerical stiffness.

The frequency-response curves of the LiNbO3 sensor were
obtained numerically using the same procedure and voltage
waveforms except that the frequency of excitation was swept
in the range Ω= 2π× [4,88]Mrad s−1 to capture the primary
resonance of the first ( f1 = 21 MHz) and third ( f3 = 63 MHz)
modes. The frequency steps varied in size from 6.8 kHz,
close to resonance, to 170 kHz away from the resonances.
The frequency-response curves of the peak-to-peak displace-
ment uz(pp) and potential Ψ(pp) at the origin (0,0) are shown in
figures 8 and 9, respectively, for air (black), ethanol (red), and
DI water (blue) media-under-test. The sensor was designed
using a larger wavelength λ specifically in order to reduce
its natural frequencies, thereby simplifying the experimental
setup.

Similar to the PZT4 sensor, both resonant peaks shift to
lower frequencies as the permittivity of the medium-under-test
increases. Further, the third mode was also found to be more
sensitive than the first mode. Specifically, the resonant fre-
quency of the first mode shifts down by∆f1 = 1.38MHz in the
presence of ethanol and by∆f1 = 1.72MHz in the presence of
DI water compared to ∆f3 = 4.11 MHz and ∆f3 = 5.12 MHz
for the third mode.

The ratio of the frequency shift to the first natural fre-
quency in LiNbO3 sensor is 6.5% for ethanol and 8% for DI
water, while for the PZT4 sensor, it is 1% for ethanol and
3.8% for DI water. Therefore, the LiNbO3 sensor is more
sensitive to changes in permittivity than the PZT4 sensor.
This is in agreement with the findings in [73], namely that
sensitivity improves as the permittivity of the medium-under-
test approaches half the permittivity of the sensor substrate.
However, this comes at the expense of a smaller SNR and
weaker potential and displacement fields for the LiNbO3
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Figure 9. The frequency-response curves of the potential field Ψ at
the origin (0,0) of the LiNbO3 sensor under a voltage waveform
with an amplitude of VAC = 0.5 V for three media-under-test.

Figure 10. The frequency-response curves of the shear
displacement field uz at the origin (0,0) of the PZT4 sensor in the
vicinity of the second mode natural frequency f 2 for three
media-under-test. The sensor is excited with an unbiased voltage
waveform (solid lines) and a waveform biased with VDC = 40 V
(dashed lines). The AC amplitude for both waveforms is
VAC = 0.5 V.

sensor. Thus, this presents a trade-off between sensitivity
and SNR.

To investigate the impact of the electrostrictive nonlinear-
ity, the frequency response of the sensor was evaluated under
biased and unbiased voltage waveforms. Figures 10 and 11
show the frequency-response curves of the PZT4 sensor’s
peak-to-peak displacement uz(pp) and potential Ψ(pp) at the ori-
gin (0,0), respectively, in the vicinity of the second mode nat-
ural frequency f 2. Bothwaveforms had the sameAC amplitude
VAC = 0.5 V, one was unbiased with VDC = 0 V, shown in
solid lines, and the other was biased with VDC = 40 V, shown
in dashed lines.

The impact of the quadratic electrostrictive nonlinearity can
be clearly seen in the activation of the second mode. While the
biased voltage waveform excites the primary resonance of that
mode, the unbiased voltage waveform fails to excite it. The
resonant peak of the second mode does not only shift to lower

Figure 11. The frequency-response curves of the potential field Ψ at
the origin (0,0) of the PZT4 sensor in the vicinity of the second
mode natural frequency f 2 for three media-under-test. The sensor is
excited with an unbiased voltage waveform (solid lines) and a
waveform biased with VDC = 40 V (dashed lines). The AC
amplitude for both waveforms is VAC = 0.5 V.

frequencies, like the first and third modes, but also increases
in magnitude as the permittivity of the medium-under-test
increases. However, the use of DC voltage with electrolytic
test media, such as water, presents a challenge since it will
result in electrolysis. This issue will be further investigated in
future work.

7. Experimental validation and discussion

7.1. Experimental setup

Figure 12 shows the experimental setup including a vector
network analyzer (VNA), Agilent E5061B, and the micro-
scopic positioner of a Laser Doppler Vibrometer, Polytech
Inc. MSA-600. The VNA was used to measure the sensors’
scattering parameter S11( f) representing the reflection coeffi-
cient of the input port at a given excitation frequency. Since
the sensors were configured as one-port resonators, S11 was
enough to fully characterize them. The sensors admit only res-
onant waves and reflect waves with frequencies away from
their natural frequencies. Therefore, resonance appears in S11
measurements as a valley.

The power level of the VNA was set to 10 dBm, and the
intermediate frequency bandwidth, IF-BW, was set to 30 kHz.
Each measurement was averaged ten times. The sensor pads
were directly probed under the microscope, figure 12(b), and
the probe station was operated by a two-dimensional motor-
ized positioner. Port 1 of the VNA was directly connected to
the probe station using a short coaxial cable. The VNA was
calibrated to compensate for the probes and cables, sourcemis-
match, probes reflections, and cross-talk.

7.2. S-parameters modeling

The complex scattering parameter S11 is a function of the
impedance mismatch between the resonator impedance Z11

9
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Figure 12. Experimental characterization of the permittivity sensors.

Figure 13. The equivalent circuit for the BG resonator and the VNA
cable.

and the cable impedance Z◦ = 50Ω, figure 13. It can be writ-
ten as [74]:

S11 =
Z11 −Z◦

Z11 +Z◦
. (51)

The resonator is modeled as a resonant (R-L-C) circuit with
resistance, inductance, and capacitance of R, ℓ, and c, coupled
to the parasitic capacitance cp of the IDT, figure 13. Therefore,
its impedance can be modeled as:

Z11 =
XcZ

Xc −Z
(52)

whereXc = 1/(i2πfcp) andZ= R+(i2πfc)−1 + i2πfℓ are the
parasitic and resonant circuit impedance, respectively. The
resonant circuit parameters, R, ℓ, and c, were extracted from
the simulated or measured f 1 and Q1 following the procedure
described by Soluch [75].

The circuit in figure 13 is a simplified representation of the
resonator used to identify parasitic capacitance cp encountered
in the experimental setup. It was identified by matching the
experimentally measured S11 to the model predicted S11 as

Figure 14. Modeled S-parameters based on the R-L-C model for
the LiNbO3 based sensor, with a parasitic capacitor, for air, ethanol
and water, as the medium-under-test.

per equation (51). The identified parasitic capacitance, for the
LiNbO3 sensor, was found to be cp◦ = 794 pF.

The parasitic capacitance of the IDT is affected by the per-
mittivities of the substrate and the medium-under-test. Since
the IDT thickness is small compared to its length, width, and
gap, its capacitance is dominated by fringing effects [76] in
the upper and lower half-spaces. Therefore, the effective per-
mittivity of the parasitic capacitor can be approximated as the
average of those of the piezoelectric and the medium-under-
test. The ratio of the parasitic capacitance in the presence of a
medium-under-test cpm to that of the bare surface cp◦ can thus
be approximated as:

cpm
cp◦

=
ε+ εu

ε+ 1
.

This ratio is thus used to account for the change in the para-
sitic capacitance of the sensor when used with different media-
under-test. Figure 14 shows the modeled S11 of the LiNbO3

sensor as a function of the frequency when used with air, eth-
anol, and DI water.

7.3. Sensor validation

As described, ethanol and DI water are suitable media for
sensor validation. The results of using the VNA to characterize
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Figure 15. Experimental S11 measurements for the PZT4 sensor in
air.

Figure 16. Scanning electron microscopic images of the surface of
the PZT4 sensor. The porous nature of PZT4 will degrade the sensor
performance.

the PZT4 based sensor are shown in figure 15. This PZT4
sensor did not yield promising results and had a low return-
loss of 5.5 dB, figure 15. Additionally, the recorded reson-
ance frequency, 44.7 MHz, was lower than the designed value
of 64.8 MHz. This deviation can be attributed to uncertainty
in the fabricated IDT dimensions as well as surface poros-
ity, and it was found to exist for multiple tested PZT4 based
sensors. The surface of the polished PZT4 substrate was found
to be porous, figure 16, with pores that are in the order of the
sensor’s wavelength.

The S11 measurements using the PZT4 sensor with the
media-under-test of air (black), ethanol (red), and water (blue)
are shown figure 17. However, due to the aforementioned chal-
lenges, it was concluded that further testing and analysis of the
PZT4 are suspended due to fabrication issues.

On the other hand, the LiNbO3 sensor showed promising
results, figure 18. The figure shows the S11 vs. frequency with

Figure 17. Experimental S11 measurements for the PZT4 sensor for
different media-under-test.

Figure 18. Experimental S11 measurements for the LiNbO3 sensor
for different media-under-test.

the medium-under-test set as air (black), ethanol (red), and DI
water (blue). The ethanol andDIwater sampleswere deposited
using a pipette, figure 19, on the entire surface of the sensor.
The return-loss observed for all the tests was well above 15 dB.
However, the LiNbO3 sensor exhibits more evidence of noise
than the PZT4 sensor because the excitation force applied to
it is lower than its PZT4 sensor counterpart due to the larger
electromechanical coupling coefficient of PZT4.

Themeasurements in figure 18 were repeated several times,
and the statistical mean and standard deviation were recorded
in table 4. The frequency response of using either air or ethanol
as the medium-under-test, figure 18 is in good agreement with
themodeled S-parameters, figure 14, in terms of the position of
the S11 minima on the frequency axis. However, the values of
the S11 minima on the y-axis do not match. Such values depend
on two factors, the electrical matching and the damping effect
of the viscous loading of liquids on the surface, and they would
not interfere with the operation of the frequency-shift sensor.

The realized quality factors are low compared to those in
the literature [77, 78] due to the challenges encountered in
patterning the trenches. Both the heat damage to the edges of
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Figure 19. Probing of the LiNbO3 sensor, with a DI water droplet
covering its surface.

Table 4. Statistical results of the experimental measurements for
the LiNbO3 based sensor for different media-under-test.

Medium-under-test Air Ethanol DI water

Mean of f 1 (MHz) 25.27 21.76 17.78
Standard deviation of f 1 (MHz) 0.09 0.48 0.49
Mean quality factor Q1 11 12 9

Table 5. Comparison of theoretical with experimental natural
frequencies ( f 1) for the LiNbO3 sensor under different
media-under-test.

Medium-under-test Air Ethanol DI water

Model (MHz) 24.54 22.09 20.73
Experiment (MHz) 25.27 21.76 17.78
Error 2.9% −1.5% −16.6%

the resonators and the limited depth of the trenches reduce the
edge reflectivity, thus increasing energy losses and reducing
the quality factor. Additionally, the number, shape, height, and
dimensions of IDT fingers affect the quality factor of the SAW
resonators [79–81]. Optimizing them can help reduce energy
losses and increase the quality factor.

The error in the position of the S11 minima was found to
be smaller than 3% when compared with the numerical res-
ults, table 5. However, the DI water was found to have an
enhanced frequency shift. This shift warrants further invest-
igation in future work. It may have arisen due to contamina-
tion resulting in non-zero ionic concentrations or an elevated
sample temperature due to dielectric heating.

7.4. Discussion

The results show a clear relation between the permittivity of
the medium-under-test and the resonance frequency of the BG
wave sensor. Furthermore, the shift due to the permittivity of
the medium-under-test from the natural frequency with the
sensor in air is not linear. It depends on the sensitivity of the
eigenvalue of the BGwave sensor, equation (21), to the ratio of
the permittivity of the substrate to that of the medium-under-
test, r. Moreover, the electrostrictive nonlinearity in the sub-
strate affects the sensitivity. This could be further exacerbated
under DC bias [58].

It is also influenced by several other factors, and they
must all be taken into consideration. The effect of the par-
tial metalization imposed by the IDT on the surface, which
directly affects the wave confinement to the surface. The con-
finement degree can be characterized using a Laser Doppler
Vibrometer [60], in order to estimate the surface metalization
effect.

The parasitic capacitance, which influences electrical
measurements, such as S11. The parasitic capacitance acts in
parallel to the resonator and must be considered, equation
(51), in order to correctly predict the frequency response of
the S11 parameter. The effect of the media-under-test on the
parasitic capacitance enhances the observed sensitivity of the
sensor and thus is desirable. However, on its own and without
the BGW equations, it is not nearly sufficient to explain
the experimentally observed frequency shifts under different
media-under-test.

8. Conclusion

We presented a novel permittivity sensor using BGwaves. The
sensor was modeled and experimentally verified. The non-
linear partial differential equations of motion governing the
sensor response under electromagnetically quasistatic excita-
tion were solved using the Galerkin residuals method. Eigen-
value analysis indicates that the medium-under-test influences
the sensor eigenvalues, enabling the implementation of a
frequency-shift permittivity sensor.

The model was used to plot time evolution and the fre-
quency response of the sensors. We find that the first and
third modes of primary resonance were directly excited and
that higher modes exhibited higher sensitivity to the permit-
tivity of the media-under-test. We also find that under applied
DC voltage, the second mode of primary resonance is excited
due to the presence of electrostrictive nonlinearities. How-
ever, aquatic-based media-under-test presents a challenge, as
water tends to experience electrolysis. This is an open research
challenge and would need to be further investigated in future
work.

Two sensor prototypes were fabricated on PZT4 and
LiNbO3 substrates. The fundamental natural frequencies of
bare surface sensors were characterized using a VNA and
were found to be f1 = 44.7MHz and f1 = 25.27MHz, respect-
ively. The LiNbO3 sensor exhibited superior performance
in terms of return-loss over the PZT4 sensor. Two media-
under-test, DI water and ethanol, were used to demonstrate
the LiNbO3 sensor. The first mode’s fundamental natural fre-
quency was observed to shift downward in the presence of eth-
anol by ∆f1 = 3.51 MHz and in the presence of DI water by
∆f1 = 7.49 MHz, thereby demonstrating a sensor sensitivity
in the range of 100–150 kHz (Fm−1)−1.
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Appendix

A.1. Electrostriction operators

The electrostriction operators L1 and L2 appearing in the wave
equations, (9) and (10), are defined as:

L1(Ex,Ey) = G∇·
(

−2ExEy
E2
y −E2

x

)
(53)

L2(uz,Ex,Ey) = 2

(
−4eEx

∂Ex
∂y

− 3eEx
∂Ey
∂x

− 3eEy
∂Ex
∂x

+ 2eEy
∂Ey
∂y

+ 2 G
∂uz
∂x

(
∂Ex
∂y

+
∂Ey
∂x

)
−G

∂uz
∂y

(
∂Ey
∂y

− ∂Ex
∂x

)
+ 2 GEy

∂2uz
∂x2

−GEy
∂2uz
∂y2

+ 3 GEx
∂2uz
∂x∂y

− 3 GM(E2
x +E2

y)∇·
(

Ex
Ey

)
−6 GMExEy∇·

(
Ey
Ex

))
. (54)

In potential form, the operators reduce to:

L1(Ψ) = 2

(
∂Ψ

∂y
∂2Ψ

∂y2
− ∂Ψ

∂y
∂2Ψ

∂x2
− 2

∂Ψ

∂x
∂2Ψ

∂x∂y

)
(55)

L2(uz,Ψ) = eL2A(uz,Ψ)+MGL2B(uz,Ψ) (56)

L2A(uz,Ψ) =
∂Ψ

∂y

(
−6

∂2Ψ

∂x2
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∂2Ψ

∂y2

−4
G
e
∂2uz
∂x2
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G
e
∂2uz
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)
− ∂Ψ
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(
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(57)

L2B(uz,Ψ) = 6

(
∂2Ψ

∂x2
+

∂2Ψ

∂y2

)((
∂Ψ

∂y

)2

+

(
∂Ψ

∂x

)2
)

+ 24
∂Ψ

∂x
∂Ψ

∂y
∂2Ψ

∂x∂y
. (58)

A.2. Equilibrium algebraic equations

The discretized equilibrium equations for a four-mode approx-
imation can be written as [58]:

ps1 + qs1 +α1ps1ps2 +α2ps2ps3 +α3ps3ps4 = 0 (59)

ps2 + qs2 +α4p
2
s1 +α5ps1ps3 +α6ps2ps4 = 0 (60)

ps3 + qs3 +α7ps1ps2 +α8ps1ps4 = 0 (61)

ps4 + qs4 +α9p
2
s2 +α10ps1ps3 = 0 (62)

qs1 +α11ps1 +α12p
3
s1 +α29VDC+α13ps1ps2 +α14ps1p

2
s2

+α15p
2
s1ps3 +α16ps2ps3 +α17p

2
s2ps3 +α18ps1p

2
s3

+α20ps3ps4 +α22ps1p
2
s4 +α23ps2qs1 +α24ps1qs2

+α25ps3qs2 +α26ps2qs3 +α27ps4qs3 +α28ps3qs4

+α19ps1ps2ps4 +α21ps2ps3ps4 = 0 (63)

qs2 +α30p
2
s1 +α11ps2 +α32p

3
s2 +α31p

2
s1ps2 +α33ps1ps3

+α35ps2p
2
s3 +α36p

2
s1ps4 +α37ps2ps4 +α39p

2
s3ps4

+α40ps2p
2
s4 +α41ps1qs1 +α42ps3qs1 +α43ps4qs2

+α44ps1qs3 +α45ps2qs4 +α34ps1ps2ps3

+α38ps1ps3ps4 = 0 (64)

qs3 +α46p
3
s1 +α11ps3 +α51p

3
s3 +α59VDC+α47ps1ps2

+α48ps1p
2
s2 +α49p

2
s1ps3 +α50p

2
s2ps3 +α52ps1ps4

+α55ps3p
2
s4 +α56ps2qs1 +α57ps4qs1 +α56ps1qs2

+α58ps1qs4 +α53ps1ps2ps4 +α54ps2ps3ps4 = 0 (65)

qs4 +α61p
2
s2 +α11ps4 +α68p

3
s4 +α60p

2
s1ps2 +α62ps1ps3

+α64ps2p
2
s3 +α65p

2
s1ps4 +α66p

2
s2ps4 +α67p

2
s3ps4

+α69ps3qs1 +α70ps2qs2 +α69ps1qs3

+α63ps1ps2ps3 = 0 (66)

where the coefficients αi depend on the substrate properties
and the permittivity ratio r.

A.3. Dynamic ordinary differential equations

The discretized equations of motion for a four-mode approx-
imation can be written as:

q̈1 +α71p1 +α71q1 +α75q̇1 +α72ps2p1 +α72ps1p2

+α73ps3p2 +α72p1p2 +α73ps2p3 +α74ps4p3

+α73p2p3 +α74ps3p4 +α74p3p4 = 0 (67)

q̈2 +α78p
2
1 +α79p2 +α79q2 +α75q̇2 +α76ps1p1 +α77ps3p1

+α80ps4p2 +α77ps1p3 +α77p1p3 +α80ps2p4

+α80p2p4 = 0 (68)
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q̈3 +α83p3 +α83q3 +α75q̇3 +α82ps4p1 +α81ps2p1
+α81ps1p2 +α81p1p2 +α82ps1p4 +α82p1p4 = 0 (69)

q̈4 +α86p
2
2 +α87p4 +α87q4 +α75q̇4 +α84ps3p1

+α85ps2p2 +α84ps1p3 +α84p1p3 = 0 (70)

α88ps1 +α89p1 +α11ṗ1 +α106q̇1 +α107 ˙VAC+α90p
2
s1ṗ1

+α91ps2ṗ1 +α14p
2
s2ṗ1 +α18p

2
s3ṗ1 +α22p

2
s4ṗ1

+α93qs2ṗ1 +α90p
2
1ṗ1 +α91p2ṗ1 +α14p

2
2ṗ1

+α18p
2
3ṗ1 +α22p

2
4ṗ1 +α93q2ṗ1 +α91ps1ṗ2

+α98ps3ṗ2 +α100qs1ṗ2 +α101qs3ṗ2 +α91p1ṗ2

+α98p3ṗ2 +α100q1ṗ2 +α101q3ṗ2 +α15p
2
s1ṗ3

+α98ps2ṗ3 +α17p
2
s2ṗ3 +α102ps4ṗ3 +α103qs2ṗ3

+α104qs4ṗ3 +α15p
2
1ṗ3 +α98p2ṗ3 +α17p

2
2ṗ3

+α102p4ṗ3 +α103q2ṗ3 +α104q4ṗ3 +α102ps3ṗ4
+α105qs3ṗ4 +α102p3ṗ4 +α105q3ṗ4 +α100ps2q̇1
+α100p2q̇1 +α93ps1q̇2 +α103ps3q̇2 +α93p1q̇2
+α103p3q̇2 +α101ps2q̇3 +α105ps4q̇3 +α101p2q̇3
+α105p4q̇3 +α104ps3q̇4 +α104p3q̇4 +α92ps1ps3ṗ1
+α19ps2ps4ṗ1 +α94ps1p1ṗ1 +α92ps3p1ṗ1
+α95ps2p2ṗ1 +α19ps4p2ṗ1 +α92ps1p3ṗ1
+α96ps3p3ṗ1 +α92p1p3ṗ1 +α19ps2p4ṗ1
+α97ps4p4ṗ1 +α19p2p4ṗ1 +α95ps1ps2ṗ2
+α99ps2ps3ṗ2 +α19ps1ps4ṗ2 +α21ps3ps4ṗ2
+α95ps2p1ṗ2 +α19ps4p1ṗ2 +α95ps1p2ṗ2
+α99ps3p2ṗ2 +α95p1p2ṗ2 +α99ps2p3ṗ2
+α21ps4p3ṗ2 +α99p2p3ṗ2 +α19ps1p4ṗ2
+α21ps3p4ṗ2 +α19p1p4ṗ2 +α21p3p4ṗ2
+α96ps1ps3ṗ3 +α21ps2ps4ṗ3 +α92ps1p1ṗ3
+α96ps3p1ṗ3 +α99ps2p2ṗ3 +α21ps4p2ṗ3
+α96ps1p3ṗ3 +α96p1p3ṗ3 +α21ps2p4ṗ3
+α21p2p4ṗ3 +α19ps1ps2ṗ4 +α21ps2ps3ṗ4
+α97ps1ps4ṗ4 +α19ps2p1ṗ4 +α97ps4p1ṗ4
+α19ps1p2ṗ4 +α21ps3p2ṗ4 +α19p1p2ṗ4
+α21ps2p3ṗ4 +α21p2p3ṗ4 +α97ps1p4ṗ4
+α97p1p4ṗ4 = 0 (71)

α88ps2 +α89p2 +α11ṗ2 +α106q̇2 +α108ps1ṗ1 +α110ps3ṗ1
+α112qs1ṗ1 +α113qs3ṗ1 +α108p1ṗ1 +α110p3ṗ1

+α112q1ṗ1 +α113q3ṗ1 +α31p
2
s1ṗ2 +α114p

2
s2ṗ2

+α35p
2
s3ṗ2 +α115ps4ṗ2 +α40p

2
s4ṗ2 +α116qs4ṗ2

+α31p
2
1ṗ2 +α114p

2
2ṗ2 +α35p

2
3ṗ2 +α115p4ṗ2

+α40p
2
4ṗ2 +α116q4ṗ2 +α110ps1ṗ3 +α121qs1ṗ3

+α110p1ṗ3 +α121q1ṗ3 +α36p
2
s1ṗ4 +α115ps2ṗ4

+α39p
2
s3ṗ4 +α122qs2ṗ4 +α36p

2
1ṗ4 +α115p2ṗ4

+α39p
2
3ṗ4 +α122q2ṗ4 +α112ps1q̇1 +α121ps3q̇1

+α112p1q̇1 +α121p3q̇1 +α122ps4q̇2 +α122p4q̇2
+α113ps1q̇3 +α113p1q̇3 +α116ps2q̇4 +α116p2q̇4
+α109ps1ps2ṗ1 +α34ps2ps3ṗ1 +α111ps1ps4ṗ1
+α38ps3ps4ṗ1 +α109ps2p1ṗ1 +α111ps4p1ṗ1
+α109ps1p2ṗ1 +α34ps3p2ṗ1 +α109p1p2ṗ1
+α34ps2p3ṗ1 +α38ps4p3ṗ1 +α34p2p3ṗ1
+α111ps1p4ṗ1 +α38ps3p4ṗ1 +α111p1p4ṗ1
+α38p3p4ṗ1 +α34ps1ps3ṗ2 +α109ps1p1ṗ2
+α34ps3p1ṗ2 +α117ps2p2ṗ2 +α34ps1p3ṗ2
+α118ps3p3ṗ2 +α34p1p3ṗ2 +α119ps4p4ṗ2
+α34ps1ps2ṗ3 +α118ps2ps3ṗ3 +α38ps1ps4ṗ3
+α120ps3ps4ṗ3 +α34ps2p1ṗ3 +α38ps4p1ṗ3
+α34ps1p2ṗ3 +α118ps3p2ṗ3 +α34p1p2ṗ3
+α118ps2p3ṗ3 +α120ps4p3ṗ3 +α118p2p3ṗ3
+α38ps1p4ṗ3 +α120ps3p4ṗ3 +α38p1p4ṗ3
+α120p3p4ṗ3 +α38ps1ps3ṗ4 +α119ps2ps4ṗ4
+α111ps1p1ṗ4 +α38ps3p1ṗ4 +α119ps4p2ṗ4
+α38ps1p3ṗ4 +α120ps3p3ṗ4 +α38p1p3ṗ4
+α119ps2p4ṗ4 +α119p2p4ṗ4 = 0 (72)

α88ps3 +α89p3 +α11ṗ3 +α106q̇3 +α136 ˙VAC+α123p
2
s1ṗ1

+α124ps2ṗ1 +α48p
2
s2ṗ1 +α126ps4ṗ1 +α127qs2ṗ1

+α128qs4ṗ1 +α123p
2
1ṗ1 +α124p2ṗ1 +α48p

2
2ṗ1

+α126p4ṗ1 +α127q2ṗ1 +α128q4ṗ1 +α124ps1ṗ2

+α127qs1ṗ2 +α124p1ṗ2 +α127q1ṗ2 +α49p
2
s1ṗ3

+α50p
2
s2ṗ3 +α132p

2
s3ṗ3 +α55p

2
s4ṗ3 +α49p

2
1ṗ3

+α50p
2
2ṗ3 +α132p

2
3ṗ3 +α55p

2
4ṗ3 +α126ps1ṗ4

+α135qs1ṗ4 +α126p1ṗ4 +α135q1ṗ4 +α127ps2q̇1
+α135ps4q̇1 +α127p2q̇1 +α135p4q̇1 +α127ps1q̇2
+α127p1q̇2 +α128ps1q̇4 +α128p1q̇4 +α125ps1ps3ṗ1
+α53ps2ps4ṗ1 +α129ps1p1ṗ1 +α125ps3p1ṗ1
+α130ps2p2ṗ1 +α53ps4p2ṗ1 +α125ps1p3ṗ1
+α125p1p3ṗ1 +α53ps2p4ṗ1 +α53p2p4ṗ1

+α130ps1ps2ṗ2 +α131ps2ps3ṗ2 +α53ps1ps4ṗ2
+α54ps3ps4ṗ2 +α130ps2p1ṗ2 +α53ps4p1ṗ2
+α130ps1p2ṗ2 +α131ps3p2ṗ2 +α130p1p2ṗ2

+α131ps2p3ṗ2 +α54ps4p3ṗ2 +α131p2p3ṗ2

+α53ps1p4ṗ2 +α54ps3p4ṗ2 +α53p1p4ṗ2

+α54p3p4ṗ2 +α54ps2ps4ṗ3 +α125ps1p1ṗ3

+α131ps2p2ṗ3 +α54ps4p2ṗ3 +α133ps3p3ṗ3
+α54ps2p4ṗ3 +α134ps4p4ṗ3 +α54p2p4ṗ3
+α53ps1ps2ṗ4 +α54ps2ps3ṗ4 +α134ps3ps4ṗ4
+α53ps2p1ṗ4 +α53ps1p2ṗ4 +α54ps3p2ṗ4
+α53p1p2ṗ4 +α54ps2p3ṗ4 +α134ps4p3ṗ4
+α54p2p3ṗ4 +α134ps3p4ṗ4 +α134p3p4ṗ4 = 0 (73)
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α88ps4 +α89p4 +α11ṗ4 +α106q̇4 +α138ps3ṗ1 +α140qs3ṗ1

+α138p3ṗ1 +α140q3ṗ1 +α141p
2
s1ṗ2 +α142ps2ṗ2

+α64p
2
s3ṗ2 +α144qs2ṗ2 +α141p

2
1ṗ2 +α142p2ṗ2

+α64p
2
3ṗ2 +α144q2ṗ2 +α138ps1ṗ3 +α140qs1ṗ3

+α138p1ṗ3 +α140q1ṗ3 +α65p
2
s1ṗ4 +α66p

2
s2ṗ4

+α67p
2
s3ṗ4 +α147p

2
s4ṗ4 +α65p

2
1ṗ4 +α66p

2
2ṗ4

+α67p
2
3ṗ4 +α147p

2
4ṗ4 +α140ps3q̇1 +α140p3q̇1

+α144ps2q̇2 +α144p2q̇2 +α140ps1q̇3 +α140p1q̇3
+α137ps1ps2ṗ1 +α63ps2ps3ṗ1 +α139ps1ps4ṗ1
+α137ps2p1ṗ1 +α139ps4p1ṗ1 +α137ps1p2ṗ1
+α63ps3p2ṗ1 +α137p1p2ṗ1 +α63ps2p3ṗ1
+α63p2p3ṗ1 +α139ps1p4ṗ1 +α139p1p4ṗ1
+α63ps1ps3ṗ2 +α143ps2ps4ṗ2 +α137ps1p1ṗ2
+α63ps3p1ṗ2 +α143ps4p2ṗ2 +α63ps1p3ṗ2
+α145ps3p3ṗ2 +α63p1p3ṗ2 +α143ps2p4ṗ2
+α143p2p4ṗ2 +α63ps1ps2ṗ3 +α145ps2ps3ṗ3
+α146ps3ps4ṗ3 +α63ps2p1ṗ3 +α63ps1p2ṗ3
+α145ps3p2ṗ3 +α63p1p2ṗ3 +α145ps2p3ṗ3
+α146ps4p3ṗ3 +α145p2p3ṗ3 +α146ps3p4ṗ3
+α146p3p4ṗ3 +α139ps1p1ṗ4 +α143ps2p2ṗ4
+α146ps3p3ṗ4 +α148ps4p4ṗ4 = 0 (74)

where the coefficients αi depend on the substrate properties
and the permittivity ratio r.
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